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This work is intended for beginners: that is for 
those who have acquired some little familiarity with alge* 
braical working, and know some elementary trigonometry, 
and the forms of the conic sections* 

The method of interpreting geometry by analysis lias 
been used throughout instead of the method, perhaps more 
logical, but certainly more difficult, of taking the general 
equations, and interpreting them geometrically. 

The discussion of the general equation of the second 
degree has therefore been omitted, but the equation is 
obtained in the last chapter from the definition of a conic 
section. And the case discussed in which the axes are 
tangents. 

Symmetry of equations and of notation has been 
studied throughout the book. 

In the ellipse, considerable prominence has been given 
to the excentric angle. 

The examples have not been selected from Cambridge 
papers, as these are generally too hard for beginners: 
those at the beginning of each set are mere applications 



VI 



of the book-work, and many have, by Mr Walton's kind 
permission, been selected from his ^'problems in plane 
coordinate geometry ^ 

Trilinear coordinates have not been employed, since 
they now form a subject by themselves, and require a 
greater knowledge of algebra than is generally possessed 
by beginners. 

A collection of problems, selected chiefly from Senate- 
House and College papers, has been placed at the end 
of the book. 

A list of formulae has also been appended : the reader 
is advised, afier working through each chapter, to commit 
to memory those formulae in the list which have been 
worked out in the course of that chapter. 



Chartebhousb, Jan. 31, 1867. 
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CHAPTER I. 

The Point. 

1, The object of Analytical Geometry is to determine the 
algebraical equations by which certain well-known lines and 
curves may be represented, and fix)m those equations to deduce 
their geometrical properties ; and conversely, having given the 
equations, to determine the lines and curves which they repre- 
sent* 

2, First, it is necessary to shew how the relative dis- 
tances of points in a plane may be represented by algebraical 
symbols 

ir 




v.d^ 



2 ANALYTICAL aEOMETRT. 

Let be any point in the plane, through draw a straight 
line X'OX of unlimited length, also through draw another 
straight line FOF' making a fixed angle with X'OX\ in OX 
take any point if, and through M draw a straight line parallel 
to TOY' : then it is evident that all points in this straight 
line are at the same distance from YOY^ and that if this dis- 
tance be measured parallel to XOX\ it is equal to OM^ 

Let us denote that distance by a;; then all the points on 
the straight line P^MP^ have the same value of a?, and if we 
call that value a, the equation x = a is true for all points on 
that line. 

Similarly, if through any point iVon YOY we draw P^NP^ 
parallel to XOX\ the distance measured parallel to YOY' of 
every point on this line from XOX' is equal to ON \ if then 
we call that distance y, all points on that straight line 'have 
the same value of y, and if ON be denoted by 6, the equation 
y = ft is true for all points on the straight line P^NP^, 

Let these straight lines intersect in P^; then at the point 
Pj, x = a, y = 6. 

3. If however we take points M', N\ on 0X\ OY' such 
that OM' = OM, ON = ON, and through M\ N' draw straight 
lines parallel to XOX\ YOY\ it would seem that for each of 
the four points Pj, P^, P^, P^ where these straight lines 
intersect, x would be equal to a, and y to ft; it is necessary 
therefore to adopt some convention to distinguish between 
these four points. 

Let us suppose that all straight lines dmwn in a definite 
direction be considered positive, those drawn in the opposite 
direction will evidently be negative. 

Let all lines drawn parallel to XOX' on the right of YOY' 
be positive, then those drawn to the left will be negative; 
thus, i£OM=a, OM'=^a. 
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Similarly,* let all lines drawn dhoYQ XOX* parallel to TOY' 
Jbe considered positive, then those drawn below will be negative, 
andify as before, a;,y be the distances of P,,P,,P„P^ from FOF', 
XOX' respectively, measured parallel to XOX\ YOT\ we shall 
liave, atP,, a5 = a, y = 6, atP^, aj = — a, y = 6, atP,, « = — a, 
y = - 6, and at P4, « = a, y =- — 6, 

4, AxeSy Coordinates^ System 0/ coordinates. 

We can now explain what is meant when we speak of the 
coordinates of a point. 



X^ 




M 



X 



Let Ohe a fixed point in a plane XOT; XOX\ TOT' two 
fixed straight lines in the plane, P any point in the plane. 
Through JP draw F^y PiT parallel to Or, OX respectively 
cutting OX, OT in M, iV, then it is evident that if PJf, PiV 

1—2 
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are known in magnitiuile and direction or siffUf the petition of 
the point F is completely determined, and that, since 0M= py^ 
if OM, FM are known, F is also known. 

OMi FM are called the coordinates of F, and are denoted 
by X, y, respectively; is called the oongin, OX the aoda of «, 
since x is measured along it, OT the oo^ of y, since y is 
measured parallel to it* 

OMy PiTare said to be the coordinates of ^belonging to 
the system YOX, 

The point F whose coordinates are oj, y, is often called the 
point (qct/): thus, a point, for which x = a, j/ = b, is called the 
point (ab). 

When the point F is not completely determined, its coor- 
dinates are denoted by the variables a;, y, x\ j/, f, rj &c. 
When the position of a point is completely known, the coordi- 
nates are generally denoted by the letters a, h, h, k, or by x, y 
with suflixes such as oj^, y^ ; aj^, y^,, &c 

Thus, if we want to determine the position of a point with 
reference to fixed points, we shall use 03, y for the coordinates 
of the unknovm point ; a, 6; A, ^; fiCj, y^ &c., for the hnovon 
coordinates of the fixed points, 

A system of axes may be either rectangular or oblique; 
that is, the angle YOX may be either a right angle, or an 
oblique angle. 

We shall, in future, always suppose the axes to be rect- 
angular, unless the contrary is stated* 

When the angle TOX is not a right angle, it is generally 
denoted by (»• 
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5. FoUvr Coordinates^ 

There is another kind of system of coordinates which is 
often usefuL . Let be, as before, a fixed point, AOAl a fixed 
straight line, F any point. Join OF. 

It is evident that F is known in position if we know its 
distance from 0, and the angle that distance makes with OA* 




Thus,' if we denote the distance OF by r, and the angle 
FOA by 0, the position of -P is determined if r and 6 are 
ktiown. 

r, Q are the polar coordinates of F\ is called the pofe, 
OA the initial line^ OF the radiiLS vector of F. 

As in Trigonometry, the jl FOA is considered positive 
when nieasure'd in the di^ectiofi o])posite to that of the order of 
figures on a watch, negative when in that direction. 

& Equation to a curve; Locus of an Equation. 

We will now explain how curves may be represented by 
indeterminate equations between the variables x^ y^ or r, 0. 

Let QFR be any curve, then as we pass along it from 
point to point, it is evident that we get at each point dif- 
ferent values of x and y : that is, the values of x and y are not 
cletermined by saying that they belong to some point on the 
curve QFR. 
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If however we take a particular point P on the curve such 
that aj is of -determinate value, the value of y becomes deter- 
minate also. There may, it is true, be more than one such 
value of y, but however many there are, they are determined 
by the fact of determining as. 

Hence for every curve there must be some determinate 
relation between x and y, which may be represented by an 
equation; this equation is called the equation to that curva 

The curve is said to be the loiyas of the points whose coor- 
dinates are connected by the equation, or, more shortly, the 
locuB of the equation. 
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We shall hereafter determine the equations which belong 
to certain well-known lines and curves, and discuss the geome- 
trical meaning of i^e indeterminate equations of the fjrst uid 
second deg^:«es, 

and -i«* + -5ay + Cy + i^ + % + F=0, 

7. First, let us consider the meaning of equations in which 
only one of the ^rariables x and y is involved. 

Suppose we have the equation xsza; since the distance of all 
points represented by this equation from the axis of y is con- 
stant^ these points must lie on a straight line at that distance 
parallel to that axis : hence, » = a is the equation to a straight 
line parallel to the axis of y. 

Similarly, y = & is the equation to a straight line parallel 
to the axis of x. 

"Next, suppose we have the quadratic equation^ 

Let a^y a^, be the roots of this equation. 

Then for every point on the locus of this equation, either 
x = aiy or x= a^y and therefore this point lies on one of the 
lines represented by the equations x = a^y x = a^. Similarly, 
since every equation involving one variable has as many roots 
as it has dimensions, it must represent a series of straight lines 
parallel to one of the axes, at distances from that axis equal to 
the different roots. 

8w The position of a point may be defined not only ecc- 
plidUy by coordinates, but implicitly ^ by means of simultane- 
ous equations, which these coordinates satisfy. 
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Tot we know from Algebra that if we hare two simiilta* 
neons equations between two variables, we ean find the roots of 
those equations, that is, the variables are not really inde- 
terminate but have definite values, and therefore these values 
are the coordinates of known points. 

Thus, suppose we have the equations 

aj-y = l ; 
then {» = 2, y=l, 

or sc* + ^ = 25, > 

then a = 4, y = 3, or a?= - 3, y = - 4. 



We shall see hereafter, that these equations, taken toffetheTy 
represent the points of intersection of those curves, which the 
same equations taken separately/ represents 

9. To find the distance of any poin>t from the ori^n in 
terms of the coordinates ofthatpoinU 





First; let the coordinates be rectangular. 
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Then 






Secondly, let tlie coordinates be oblique. 

Then OP" = OJf " + PM^ -20M.MFcoa OMP 
==0M'-hPM'-h20M .MF COB TOM, 
or OP=(iB' + y* + 2i»ycosa))i, 

» 

lOt To find the distance between two points^ 

Let 8 be the distance required. 

Let P, Q be the points^ and let their coordinates be 
ajj^j, iBj,^^ respectively. - - 

Draw PR parallel to the axis of x cutting QN in R, And, 
first, let the axes be rectangular. 




O M 



Then 
But 



or 



PR=MN= ON- 6N= «,-«„ 
QR=y,-yy, 

8={(«'.-«.)'+(y.-y.)'}*. 
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Next, let the axes be inclined at an angle a». 




Then FQ' = FIP+QR'-2PIi. QRcosPS^ 

but FRQ = Ojf^Q =^ - ID ; 

.•. PQ' = PB' + QIf'-\-2PR . QRcoBio, 
or 8 = {(oj, - x^)* + (y, - y^)» + 2 (a;, - a; J (y, - y^) cos w}* 

Next^ let the coordinates be polar. 




Let 
then 



8* ,= PO' •hOQ''- 2P0 . Oe cos POQ 
= r,* +Ta' - ^r^ ^g cos (^i - tff). 



THE POINT. 



11 



11. ^0 find the coordinates of the point which bisects the 
straight line joining two given points, 

Y 




OM 



NX 



Let S be tlie point required, OK, SK its coordinates; let 
SK cut m in T. 

Then OK=:OM'hMK=OM'\-PT = OM-hiFJR 

Similarly * SK^^^^'. 

Ta find the coordinates of the point which divides the 
straight line joining two given points in a given ratio. 

Let the given ratio hemin. 
Then, in the preceding figure, 

FT:TE::m:n; 
r.FT:FE::m:m + n: 

/, OKr^x,^ («'«-»,)= — ^• 

■ ' Jf, m + n=l, we have OK = mx^ + nx^, a form which is 
often useful* 
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Similarly 






12. To Jlnd the area of the triangle whose angular points 
are givenn 








M 



-AT 



Let PQR be the triangle, and let the coordinates of P, §, E 
be ajj^j, xj/^, xjj^ respectivdy. 

Then area PQR = PQNM+ KLNQ - PKLM. 

But PQNSI =lMIf {PM+ QN) = i(x,- «.) (y, + y,). 

Similarly, ©i?2i-M'=f,(*.-a'.)(y. + y.). 

.'. area required 

= HK - «i) (y. + y.) + («a - «.) (y. + y.) - (».- «i) (y. + y,)} 
= ^ l*^, - «,y. + 'K.y. - «^, + «iy, - a'syj- 



It is easy to see, that if the axes be inclined at an angle ai, 
the preceding expression must be multiplied by sin at. 
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If the coordinates be polar, 

let OP=rj, ,OQ = r^, OR^r^, 

T 
then I^PQR = i^QOR - LQOP - ^QOR 

= \ {Vs ^ (*« - *») - Vi sin (*i -Oy r^r^ sin (tf, 
= i {r^r^ 8in (tf, - tfj + r^r^ sin (tf, - tf j) + r/, sin (tf , 



^,)i 
•«»)}. 



In these two expressions the coordinates must be taken in 
such an order as to make tbe whole expression positive. 



EXA3fPLE L 

1. Indicate by a figure the relative position of the follow- 
ing points^ 

1,1; 0,-3; 5,-4; 1,0; -1,0; -3,-2; -2,6; 2,-6. 
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2. Indicate by a figure the relative position of the follow- 
ing points, whose coordinates are polar, * 

a, IS*'; 2a, 30°; acosa, a; atana, h-**^ 
^a, 45*^; -a, -135°. 

3. Shew that the coordinates r, tf; -r, w + tf; -r, fl-w, 
represent the same point, 

4. Determine the points whose coordinates satisfy the fol- 
lowing equations ; 

(i) aj + y = 3, (ii) 3a; + 4y = 7, 

(iii) a; + 2y + 3 = 0, (iv) . y* = 4aa:, 

y = 3a5 + 4. aj = y. 

(v) af + y' = c', (vi) a;'+y = 5a', 

x-\-y =c. x' = 4ay. 

5. Determine the distances of the following point from the 
origin, the axes being (i) rectangular, (ii) inclined at an angle 

60°, 

3a, 4a; —26, 6; a sin a, a cos a; a, —3a. 

6. Determine the distances between the following pairs of 
points: 

a, and 0, —a; A, h and 2^, — 3k; 
a,b and 6, a; —3a, 2a and —9a, —6a;. 
a tan a, b sec a and a cot a, h cosec a; 
the axes being rectangular. - . 
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7. The axes being inclined at an angle o), determine the 
distances between the following pairs of points, 

a, and 0, a; 0, and a cos ^ , a sin - ; 
a tan ^, — 5 sec^ and a cos o), b sin co. 

V 

8. Determine the distances between the following points, 
whose .coordinates are polar, . . 

a, $ and 6, ^; ^, and a,, — tf ; a, ^ and — a- tf j 

2a, 30^ and a, 60^ 

9. Determine also the points of bisection and trisection of 
the lines joining the pairs of points in question 6, 

10. Find the areas of the triangles whose angular points 
are 

(i) 0, J; a, 0; a, b, 

(ii) a, 2a; 2a, 3a; 3a, —ia. 

(iii) the origin, a, y, , a^y, . 

(iv) the pole, r, 0, r , d 

11. ABG is a triangle, 2>, ^ the centres of the circum- 
scribing And inscribed circles : find the coordinates of Z>, U; 

(1) -8 being the origin, BO axis of a;, and the axes rectangular; 

(2) AB'y AG being the axes; (3) A being the pole, AB the 
initial line. 



12. In the triangle ABC, straight lines are drawn from 
the angles bisecting the sides; find the coordinates of their 
point of intersection, taking two of the sides as axes. 



CHAPTER 11. 
Transformation of Coordinates. 

13. ^0 change tJie origin from one point to another, the 
direction of the axes remaining unaltered. 



Y^ 



01 



Uf' 



x^ 



M 







Let X, y, x\ \f be the coordinates of the mme point P 
referred to the old and new systems respectively: let A, h be the 
coordinates of the new origin referred to the old axes. 

Then AM^OA^AU^OA^ 0M\ 

.X = 9lf + hf 



or 



TRAN^iFORMATION OP COORDINATES. 
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Ex. Change the equation a?-k-y* = a\ the origin being 
changed to a point a, p. 

Here « = a/ + a, 

... (a;'+a)*+(y' + j8)« = a*, 
the equation required. 

14. To change the coordinates from one rectangular sys- 
tem to another^ the origin being unaltered. 




Let 03f = «, PM = y, OJST^x', FN=y\ 

From N draw NQ^ NR perpendicular to PM, OX, respec- 
tively ; 

then 0M= OR^-RM = 0R -NQ = ON cos « - PiV^ sin 6, 

or x = x' cos 6 — y sin 0, 

FM=^MQ+QF^RN+QF=OJ^mii0+FJ!^cose, 
or y = a;' sin^ + y^ cos 0, 

V. G. 2 
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Ex. lu the equation 

turn the axes through an angle — 45*'. 
Tlio c(pation beeomes 

or 2a/y' - a*. 

15, To transform am, equation from one rectangular sys- 
tem to another, both the origin and live direction of the axes 
being cfcanged. 

First transform tlio equation to axes through the new 
origiU) parallel to the original axes; next turn these axes 
through the required angle. 

Thus, if /*, k bo the coordinates of the new origin referred 
to the old axes, tlie angle between the original and final axes 
of X, 

a; a 7* + a' cos tf — y' sin 9, 

y = k + XBin6 + 2/ ^^^ ^* 

In all these transformations attention must be 2)aid to the 
sign of 0. 



16, To transform cm equation from reciaatdar to polar 
coordinates^ 

a. Let the origiD of rectangular coordinates be the pole, 
and the axis of x the initial line. • 
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Then 



or 



OM^OFco^POM, 

6iAf^ OF sin FOM, 

x = rco&6, y = rsinft 



Conversely, if we wish to transform from polar to rect- 
angular coordinates, 

f^ = r^ coa'6 + r* sin'tf = x' + y*, 

X 

m 

p. Let the origin be the pole, and let the initial line 
make an angle a with the axis of x. 




or 



Then OJf = OF cos FOM = OF cos {FOA + AOM), 

a? = r cos (^ + a), 
y »s r sin (d + a). 



Similarly 



2—2 
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y. Next let the coordinates of the pole be A, k, and let 
the initial line make an angle a with the axis of as. 




Then OM^OK+ KM =OK+SF cos FSE, 
or x==h + r cos (0 + a), 

PM=SK+PR = SK + SPmiPSR, 
or y = k +V sin {6 + a). 

Conversely, r" = (as - Jif + (y - A;)", 



17, To transform an equation from an oblique system to 
another J the origin and aacis of x remaining the same. 

Let be the origin, OA the axis of a?, OF the old axis of 
y, or' the new axis of y] let YOA = <o, T'Oil = <o'. 



Let aj, y, a;', y' be the coordinates of the same point P re- 
ferred to the old and new systems respectively. 
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Then (?if=OJr+jrjf=Oif' + PJf' ^-?^^^, 



or 



X 



, , sin (o) — <i/) 



gm<i> 



smFMA 



sin (!>' 



sm (i> 



18. ^0 transform an equation from an oblique system to 
pokvr coordinates^ the origin being the pole ami the axis of x 
the initial line. 



Let OM=x, OM=y, OP=^yj POA^O. 
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Then 0M= OF . p^. , 

sin (o) — ^) 

or a = r — ^ -, 

sino) 

Siimlarly, PM=0F'^^^, 

sind 

or y-r— . 

sin CO 

We may write these values of x and y as 

05= mr, y^^nvy 

where m and w depend on the values of at the poinl 

If the coordinates of the pole be A, A;, we shall have 

a = A + 7wr, y = ^ + wr. 

Ex. 1. Transform the equation 

aj» + y" = c" 
to polar coordinates. 

Here a = rcostf, y = rsind; 

. •. r" (cos* + sin'tf) + a', 

or r = a. 
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Ex. 2. Tiansform the eqaatioa 

xcoBa-k-f/sina^p 

to polar coordinates, the coordinates of ihe pola being p cos a, 
p sin a, And the initial line being inclined to the axis of x at 
an angle cu 

Here x=p cosa + r^os ($ + a), 

y =p sin a + r sin (^ + a); 
.'. j»oos*a4- roos(tf + a) oosa+jpsin'fl + r8in(^ + a) sina=jp, 

or rcos^ = 0, .•. ^=5* 

Ex. 3. Transform the equation 

r = a cos tf 

to rectangular coordinates, the origin coinciding with the pole, 
and the initial line with the axis of as. 

Here r* = ar cos d, 

or «' + y* = flwc 

19. General formuLse exist for transforming equations from 
a rectangular system to an oblique one, from an oblique to a 
rectangular, or from one rectangular system to another; but 
the student is advised to defer their consideration until he has 
become more fiimiliar with the subject. Particular cases, in 
which such transformations are easily effected, will be found 
among the examples. 
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Example II. 

' 1 . If in the eqnation 

«• + 2^- 2aa;- 26y + a*+ &•- c^= 0, 
the origin be changed to the point (a, h), the equation becomes 

2. Transform the equation a + y = c by turning the axes 
through an angle 45°. 

3. Transform the equation 

a* cos'a — y* sin' a = a* 
by turning the axes through an angle a. 

4. Transform the equation - + ^ = 1 by transferring the 
origin to the point -^ , s > ^^^ tumiDg the axes through an 
angle 9 such that tan 6 = — . 

5. Transform the equations 

X cos a + y sin a = a, 
«• + ajy + ^ = y, 

from rectangular to polar coordinates. 

6. Transform the equation 

y*=4aa?, 
the coordinates of the pole being a, 0. 
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7. Transform the equation 

r' = a'cos2fl 

from polar to rectangular coordinates. 

8. If «,, ^1, a?j, y^t be the coordinates of two points P, 
Q^ and FQ make an angle B with the axis of a?, 

aj, = a?i + r cos tf, y, = yj + r sintf, 
where PQ = r. 

9. If the new system have the same origin as the old, and 
the old axes bisect the angles between the new axes, 

x = (x +y)cos^> y=(y -aOsin^. 

10. If both systems be rectangular and the equation to 
the old axis ofy be x—y-O referred to the new axes, the 
old and new axes are inclined to one another at an angle of 
45\ 
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20. Equation to a atraiglU line. 

We have already seen that the equations x = const, y = const 
represent straight lines parallel to the axes of x and y respec- 
tively. 

We will now find the equation to a straight line in any 
position. 




Let the straight line cut the axis of a? in the point A, and that 
of y in the point B; let OA = a, OB=b; let the coordinates of 
P, any point in the line, be x and y. 



THE STRAIGHT LINE. 27 

Then, •. • PiV' is parallel to BO, 

FN AN AO-^ ON 
'*• BO^AO' AO ' 

or, 1= =1--, 

a a 

a 

This equation is therefore satisfied by every point in AB, and 
by no other points, since it is deduced from the geometrical 
relation PN : OB :: AN : OA, which is only true when F lies 
on AB, 

It may easily be seen that this equation holds for all points 
on the line A By or AB produced either way. 

For let Q be such a point; then 

QN AN ON' 

BO ^ AO " AO ' 

-•ON QN 
•'• AO ^ BO" * 

but if OS, ^, be the coordinates of Q, x= — 0N\ y = QN\ 

.•. - + f- = 1, as before. 
a 

Since this equation does not involve the angle AOB, it is 
traa^ whether the coordinates are rectangular or oblique. 

Hence if we wish to find the equation to a straight line, we 
must find the distances from the origin of the points in which 
it cuts the axes, and denoting these distances by a and h, the 
equation 

-will be the equation reqnirad. 
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In this equation multiply every term by any quantity k ; 

then — + -^ = A:. 

a 

Let - = J, \ = B, h=-C, 

ah 

then the equation becomes 

ili» + % + C = 0/ 

the general equation of the first degree between the two 
variables x and y, 

21, The equation Ax -h By + C = always repreaerUs a 
straight line. 

We have proved that every straight line may be represented 
by an equation of the form 

Ax-^By-^C = 0, 

we shall now prove that every equation of this form represents 
a straight line. 

Let F (in the preceding figure) be any point whose coor- 
dinates X and y satisfy the equation 

Ax-^By-^G=0. 

C 
In this equation put y = 0, .\ xs* —-^ ; 

Q 

again, put a; sOy .'. y= -•-. 



Let 0A=^ J, OB =^^,BJid pin AP,BP. 



PiT ^ AI[AO--OI[_C + Ax 
^^^ BO"" C' AG" AG " C 
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BntAx + By-k-C=0, .\ -77^ = — 7? — 



FJf^ AN 



'BO AO ' 
therefore the triangles PAN^ BAG are similar, and the angles 
PANy BAG equal, that is P lies on the straight line joining 
A and B, and the equation Ax + By + (7 = represents that 
straight line. 

The equation to a straight line may therefore be written as 

This equation always represents some straight line, and 
may be made to represent any one by giving appropriate values 
to A, B, and C. 

22. Since in this equation there are three constants 
A, B, Cy it would seem that the equation might be made to 
satisfy three independent algebraical conditions: we know, 
however, that a straight line is completely determined if two 
points in it are known, and that a straight line can therefore be 
made to satisfy only two geometrical conditions. 

The quantities A, By C are, however, not all really inde- 
pendent, for if we divide by any one of them, as C, the equation 
becomes 

This equation is completely determined if we know the 

A B 
value of the ratios 77, 7^ > hence the equation to a straight line 

may be made to satisfy two algebraical conditions, which of 
course correspond to some two geometrical properties of the 
straight line represented. 

It is important to notice that since x and y each represent 

C G 
a line, the ratios -j > •» > must each represent lines, that is, the 



30 



ANALYTICAL GEOMETRY. 



quantities A and Ji must be each of one dimenision in space less 
than C. 

The equation 

is called a linear equation in x and t/. 

Let us now determine the various forms which this equa- 
tion assumes according to the different conditions which the 
straight line is made to satisfy. 

23. ^0 find the equation to a straight line which pa^sses 
through a given point, and makes a given angle tmth the aids 
ofx. 

Let AGF be the straight line, G the given point, whose 
coordinates are x^ y,, GAjh the given angle = a. 



Then 




or 



tan a = 



GN x-x' 



M X 



(y-yj) cos a = (a?- ajj sin a. 
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If tan a s fn, this equation may be put into the form 

PN 
If the coordinates be oblique, m is still equal to -^^ , 

CL sin GA L sin a 

il// sin^lCZ sin(ct> — a) 

which is constant since ct> and a are constant. 
Two particular cases are worthy of notice. 

(1) Let the fixed point be the origin, then x^ = 0, y^ = 0. 

The equation therefore becomes 

y = mx, 

(2) Let the fixed point be on the axis of y at a distance c 
from the origin, then the equation becomes 

y - c = mXy 

or y=. rnx + c, 

a form which, though unsymmetrical, is occasionally useful. 

Comparing this equation with the form 

Ax+By + G=-0, 

weseethat« = -|. 

A 

Hence if be the angle which the line Ax + ^y + (7 = 

makes with the axis of x, tan 6 = --r-. 

A 

24. ^0 find the equation to the straight line which passes 
through two given points. 
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Let the given points be a:,y,, xjf^ and let 

Ax^By^G = (i (1), 

be the equation required 

Then since {x^ y^ (oj, y,) lie on (1), 

Ax, + By^ + G^O ; (2), 

-4». + %, + C = (3) 

Eliminate Ay B, and 0, thus : 

Subtract (2) from (1), 
then A{x'' x^) + B(^- y) = 0. 

Subtract (3) from {\)i,\' 

then A (x^ - x) + B{y^ -y^) = 0} 

. ^ y.-Vi . 

" B' x^^x^' 

the equation required. 

Let one of the points (05^ y^) be the origin, then a, = 0, 
yi = 0, and the equation becomes 

y^x^ 

The equation A{x — x^) + B(;y- y^) =? 0, . •. represents any 
straight line through the point oj,, y^. 

25i Tojmd the equaiion to a straight line tohich ie pa/rcdlel 
to a given straight line, . 

Let Ax + By ■\- = Oy he the equation to the given straight 
line, 

A'x + B'y + (7 = 0, to the required straight line. 
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Then since they are parallel they make the same aogle 
with the axis of ot^ 

•'• A'" A' 
The equation to the required line is therefore 

A'x-^^A't/ + Cr = 0, 
or Ax-^By+—^ =0y 

where -j,-^ is indeterminate, as we might have conjectured, 

since there are an infinite number of straight lines which are 
parallel to a given straight line. 

If the line also pass through the point (a;, y^) 

Ax^ + Bi/^ + C, = 0, 

and therefore A{x - x^) + BQ/ - y^) = 0. 

If the equation to the given line be 

that to any straight line parallel to it will be 

- + ^=A, 
a 

where X may have any assigned value. 

26. To find the eqtuition to a straight line in terms oj tite 
perpendicular from the origin, and the angle which this psrpen- 
dicvla/r makes vnth the axis of x. 

V. G. 3 
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Let 



OK=pyKOA=a. 



Draw NR parallel to AB^ cutting OK in 2?, and PQ per- 
pendicular to NR, 

Then OR ■\- RK^OK=p, 

hwx, OR = ON cos a = 05 cos a, 

RK= PQ = PN Bin a = 2/ sin a ; 
. •. X cos a + y sin a =p, 
the equation required. 

If the axes be oblique, let KOB = j8, 
then PNQ = p,PQ = y cos ft 

and the equation becomes 

X cos a + 3/ cos P=P' 



27. ^<> ^wc? ^^« equation to the straight line ichich passes 
through a given point, and is perpendicular to a given straiglU 
line. 
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Let C be the given point whose coordinates are /*, h, AD 
the given straight line, whose equation is 

Ax-\-By + G = 0. 



Let BCD be the line required, 



then 



y _ ^. = (x- A) tani^^Z" 



is the equation required, where \ajiDBX has to be determined. 



Now tan i)JBX= - tan i)^^ =-cot2>-4^ = 



B 
A' 



••• y 

or - A{y 

is the equation required. 



k) = B{x-h) 



If the original equation to the straight line were 

y = mx + c, or - + Y = 1, 

^ ah 



3-2 
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the required equations would become 

y-h-\-—{x-h) = 0^ 



or 



y-k x-h 

~ ~;;~ respectively. 



28. To fif^ ^^^ equations to (lie straight lines which pass 
throv/gh a given pointy cmd make a given angle with a given 
straight lins. 




Let G be the given point whose coordinates are J»i ^j, 
A QP the given straight line whose equation is 

Ax + By-\'G = 0. 

Let PGRf GQS be the straight lines required, making the 
equal angles GPQ, GQP with AQP, 

Let GPQ = GQP=^a, 

then the equation to RGP is 

y-yi =(«-a?i)tanP2?X; 



THE STRAIGHT LINE. 37 



But tan FEX= tan {PAx + a) 

__ tan PAx + tan a 
1 — tanPuia?tana 

B ^ 
— Y + tan a , . ^ 

A A sin a — x> oos a 

- -5^ ^cosa + j^sina' 

1+7 tana 
A 

,\ (Aco8a + B sin a) (y - y^) = (-4 sin a — -5 cos a) (a? — a^) 
is the equation to CP. 

Similarly the equation to CQ is 

(A COS a — B mi a) (j/ — y^) + (A sin a + .5 cos a) (a? - 05^) = 0. 

If PAX = p these equations evidently become 

y-yj = tan(j3±a)(a:-a;j). 

If the straight lines are to be perpendicular to the given 
straight line, P and Q coincide, and the equations become 

(05 - ajj) cos a + (y - y^ sin a = 0. 

29. To find the pola/r equation to a straigM line. 

Let the equation to the straight line referred to rectangular 
axes in which the origin coincides with the pole and the axis of 
X with the initial line be 

Ax + By + G=0. 

Then a; = r cos ^, y =r sin ^ ; 

.•• -4rcos^ + -ffrsin^ + C«=0, 

the polar equation required. 

30. I-tet us investigate the polar equation to a straight 
line independently. 
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Let SK be drawn from /S^ perpendicular to the straight line 
PQf let SK=py KSQ = a; let the coordinates of any point 
P be r, ft 

Then SP^SKsecPjSJS:, 

or r=^8ec(d — a), 

r cos (^ — a) =p. 

If in this equation we expand cos (0 — a) we obtain 

^ r cos cos a + r sin ^ sin a ^p. 
Since this equation and 

ArcoBO-hBrainO + (7=0, 
both represent the same straight line, we must have 

cos a sin a — p 



31. Let us collect and compare the different forms of the 
equation to a straight line referred to rectangular axes. 



We have first the general form 

Ax+By+G=0 

Next, if a, b, be the intercepts on the axes 



a 



(!)• 



(2). 
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"Next, if 6 be the intercept on the axis of y, $ the z which 
the straight line makes with the axis of a^ 

^=«tantf + (3). 

Next, if the line passes through (x^ y^ (^at/^9 

Next, if p be perpendicular from the origin, a the angle 
which it makes with the axis of a;, 

ascosa + y sino=^ (5). 

Q 

In {1) if -4 = 0, y « — J , or the straight line is parallel to the 
axis of as. 

Q 

liB = 0, aj = — -T , or the line is parallel to that of as. 

If (7 = 0, it passes through the oidgin. 

If il = 0, (7 = 0, y = 0, that is the line becomes the axis of o^ 

If 5 = 0, (7 = 0, it becomes the axis of y. 

Next, to compare (1) and (2), divide (1) by (7; 

••"IT'" G ~ ' a b"^' 
must be identical equations, 

C C , 

If wo compare (1) and (3) we get 

-j-c, -^ = tantf, 

/) -^ • /) ^ 

/. cos^ = r, siner = --— — — -r. 

The angle being considered to be less than two right 
angles, and the sine therefore positive. 
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AgaiD, to compare (1) and (4), divide (1) by {A* + B^)K 
Hence we obtain 



Ax 



, By ^ ^G 



{A^ + B')^ {A'+b¥ {A' + B')^' 

Here we may put 

A B _ . 
T = COS a, i - sm a, 

{A' + By (A'+By 

-C 

and •*. 1 = P- 

{A'+By 

Hence the distance from the origin of any straight line 
whose equation is 

Ax+By + C = 0, 

-0 



IS 



(A' + B')i ' 



Since this distance is essentially positive, we must take 
that value of {A^ + B')^ which is of a different sign from C. 

Again, if we compare equations (2) and (3), 

6 = c, tan 6 = — . 

a 

The truth of these equations is at once evident fix>m geome- 
trical considerations. 

The student will find it a useful exercise to compai'e the 
remaining equations, and to obtain the other relations between 
the various constants involved in them. 

We may remark that if, in the equation to a straight line, 
the coefficients of x and y have the same sign, the line makes 
£in obtuse angle with the axis of a; if they are of difterent signs, 
an acute. 
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32. Although the equation to a straight line is of one di- 
mension only, yet it does not follow that every equation of 
more than one dimension does not represent straight lines. 

Take for instance the equation 

icy - a (a? + y) + a' = 0. 

This may be put in the foi*m (x — a) (y — a) = 0, 

,*. either aj — a = 0, or y — a = 0, 

that is to say, the locus of the equation is two straight lines. 
Generally, whenever an equation can be resolved into simple 
factors it is satisfied by putting each separate factor equal to 
zero, and therefore is the locus of the various straight lines 
whose equations are so obtained. 

The locus of an equation may be a point, or may be im- 
possible. For instance, 

{x -yy + {x + y + of = 0, 

Here a: - y = 0, and also x+y+a=0; 

a 
... a; = y = -2 

is the only point which satisfies the equation. 

This equation is really equivalent to two separate equations, 
since the sum of two squares can only vanish when each square 
vanishes. 

Similarly, if we have the equation 

aj' + (a;-2//+a'=0, 

the locus is impossible, since no real values of x and y can be 
found such that x* + {X'- y)* shall be negative. 

Examples. 

1. Find the equation to the straight line which passes 
through the points (a, 6), (6, a). 
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The equation required is 

a—b b—a^ 
or x + y = a + b, 

2. Find the equation to the straight line which passes 
through the point {hk) and nuikes an angle ^ T^ith the axis of x. 

The equation is evidently 

If we wish to determine the points in which this line cuts 

h 
the axis, put y = Oj .\ x^h t« • 

Again, put aj=0; .*. y = A; — ^3A. 

Find the equation to the straight line thropgh the origin 
perj)endicular to 

Jaj + % + C = 0: 

Let ^'a: + ^V = 

be the equation required. 

Then, since these lines are at right angles, 

A' _ B 
M" A' 

,\ Bx-Ay \a the equation required. 

3. Find the polar equation to the straight line which cuts 
the initial line at right angles at a distance a from the pole. 

Let PA be the line required. Then SP cos PSA = SA, 
or r cos 6 -a. 
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4? 




Similarly the equation to a straight line pai*allel to the 
initial line, at a distance b from it will be 

4. Draw the straight lines corresponding to the following 
equations : 

3a; + 4y=12 (1). 

3~ 4 ^'^^• 

a; + 23/ + 3=p (3). 

acosg -ysin j = 2 (4). 

r(cosd + sind)= J2 (5). 

Equation (1) may be put in the form 

The line represented cuts the axes in points distant 4 and 3 
respectively from the origin. 
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Hence draw OA ^ = 4, 

.*. A^B^ia the straight line required. 

Similarly in equation (2) put y= 0; 

.*. x=2. 



Put 



«=0, .-. y=-«, 



.*. measure J = 2,0B =— ^ , -4j^„ is the straight line required. 

B^ is taken on the negative part of the axis of y because 

when X vanishes in equation (2) y is negative. 

3 
Similarly in equation (3) OJ3 = — 3, OB^ = " 9 » -^s-^a ^ *^® 

line required. 
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Eqnation (4) may be put into the form 

xcoaf-^j+y sinf- ^\ = 2. 

A^K is therefore ihe straight line required, where 0Il^=2, 
AfiK = -K 9 and being drawn in the negative direction is nega- 

tive. 

Equation (5) may be written 

rcosf^- t) = 1« 

Comparing this with the form rcos {0 — a)=p, we see that it 
I'epresents the straight line A^B^ such that 0K^= 1, 

Examples III. 

K.B. In the answer to each question a figure should be 
drawn. 

Draw the straight lines represented by the following 
equations : 

1. x=y. 2, X'\-y = 0. 3. 7)ix + ny = 0, 

4. « + | = l. 5. ? + |=3. 6. «-* = y:ii 
Jo a Cm 

7. y = JZx+l, 8. x^mO-yco^O^p, 9. y = 3(a;-2). 

10. aJcosd + ysind = a. 11. a;cos^-ysin^ = acos^. 

12. x-y = a-h. 13. a; + 2y + 3a = 0. 

14. 5a5-2y = a. 15. a; + y+a = 0. 16. = a. 

17. r cos {$ — a) = jo. 18. r cos 6 + 5r sin ^ = 6t*. 

19. If the axes be inclined at an angle w, find the equa- 
tions to the straight lines which pass through a given point on 
the axis of x, and are perpendicular to the axes. 

20. Find the equation to the straight line which passes 
through the point (a, 5), and makes an angle of 30° with the 
axis of x. 
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21. Find the equations to the straight lines which pass 
through the following pairs of points : 

a,b'yh,a: h, k; — A,— ^: A, ^; A, — ^: A, — ^; —h—k: 

a cos d, a sin 0; 6 cos <^ '6 sin <^ : 3, 4; 1, 2 : 5, 6 ; — 1, ; 
1,2; 2,4. 

22. Find the equations to the straight lines which are 
parallel to - +^= 1, and pass respectively through the points 

10, Oj 0, 26; 3a, 0; h, k; a, 5: — a, &. 

23. Find the equation to the straight line which is 
parallel to -4 a; + By + (7=0, and cuts oflf a given abscissa a from 
the axis of a?. ' 

24. Find the equation to the straight line which is 
parallel to - + ^ = 1, and cuts off a given triangle between 
itself and the axes. 

25. Find the equation to the straight line which is paral- 
lel to y = mx + by and at a distance a fi*oni the origin. 

* 

2Q, Find the equation to the straight line which is at a 
distance a cos a from the origin and makes an angle — a with 
the axis of a?. 

27. Find the equation to the straight line when the per- 
pendicular from the origin makes an angle —.a with the axis of a;, 
and its length is h. 

28. Find the perpendiculars from the origin on the fol- 
lowing lines : 

- + f = 2: y — h=^m(x — a)\ 

a \ /^ 

3a3 + 4y=7j 05-2^ = 1; a5+3y + 4«0. 
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29. Find the equation to the straight line which is per- 
pendicular to ^03 + By + C = 0, and cuts off a given length b 
from the axis of y. 

30. The equation to the straight line which is perpendi- 
cular to — + ^ = 1, and which passes through the point a, 6, is 

oK — hy^of — V, 

31. Determine the equation to the straight line which is 
perpendicular to y = mx + c, and cuts off a given area from the 
axes. 

32. Find the equations to the straight lines which pass 

through the point (A, k\ and make an angle a with - + ^ = 1. 

a 

33. Also which pass through a given point on the axis of 
y^ and make an angle ^ with cos a+y^ma=p, 

34. Determine the distances from the oiigin of the 2 lines 
in (33). 

If the axes be inclined at an angle a>, 

35. Prove that if ^ be the angle which the line 

y = mx + c 
sin 



makes with the axes oix,m=^-. 



sin(a>-^)' 

36. Prove that if the straight lines 

^,a; + J5,y + (7, = 0, A^x^B^y + C^^0, 
are at right angles, 

A^A^ - B^B^ + (A^B^ + A,B;) cos o) = 0. 

37. Find the equations to two straight lines which pass 
through a given point on the axis of y, and make equal angles 
with that axis. 
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38. Find the equations to two straight lines which pass 
through a given point on the axis of y, and make equal angles 
with the axis of x* 

39. Find the polar equations to the straight lines which 
pass through the following pairs of points : 

40. If the axis of a? be the initial line, and the axis of y 
make with it an angle o), shew that an equation referred to 
oblique coordinates may be transformed to polar by substituting 
mr, nr for x, y, respectively, and find the values of m and w. 

41. Prove that the following equations represent two or 
more straight lines : 

AB{a^ -\-f) + (A' + B')xj/ -^ Bx + Ai/ = 0, 
x' cos'6 — ^sin*tf = jp' — 2py sin 0, 



CHAPTER IV. 



Pboblems on the Straight Line. 



"We may apply the equations which we have already found 
to the solution of various problems. 

33« Find ike distance of a given point from a given 
straight Une, 

Y 




j\r H 



I 

Let the coordinates of the point be a;^, y^, and the equation 
to the given straight, line 

V. a, 4 
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Let C be tlie given pointy HK the straight line; draw CD 
perpendicular to HK, and let EIT the ordinate of C cut UK 
mE. 

Then CD = CEaiaCED = C^cos KffO 

^-CE cos KHX. 

But CE = CiT- EI^ = y^ - jE^iT, 

and ^ is a point on the line Ax + By + (7= ; 

..•. B. EN^ - C - ^1, since ON^ x^. 

A 
Also tan KHX = — ^ j 

.-. Qo^KHX= 



(^" + 5')*' 



or, since the root of (il* + -ff')« is indeterminate, 

{A^'+By 

We shall see the meaning of the double sign if we put the 
equation to the stmght line in the form 

a;cosa + ysina=^ (2). 

Through the point x^ y^ draw a straight line parallel to (2). 
Its equation is evidently 

a: cos a + y sin a = jo', 
whjre p or OQ' is the perpendicular from the origiu 0, 
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The distance between these lines is evidently the difference 
of their distances from the origin, L e. CD^ QQ\ Q'O — QO, or 

But a5j cos a + y^ cos a =p'; 

therefore the distance required 

= Xi cos a + 2/j sin a —p. 

This will be positive if C lies as in the figure, for then 0Q\ 
L e. p', or Xi cos a+y^ sin a, is greater than p, negative if G 
lies between the origin and HK. 

Hence we may consider the perpendicular from a point on 
a straight line positive if drawn in the positive direction /rorr 
the line, negative if in the negative direction^ 

If equations (1) and (2) represent the same line, we have 

A B . G 

— T = COS a, -. = sm a, -. ^pji . 

and the expressions foi* the perpendicidars coincide. 

4—2 
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Hence we see that, to get the perpendicular from a point on 
a line, we have only to substitute the coordinates of the point 
in the equation to the line, and divide by the square root of the 
sum of the squares of the coeffioients of x and y. 

Thus the distance of the point a, 6, from the line 

- + ^=1, or - + ?^- 1 = 
a a 

a b ^ 

a 6 " ah 

is J 1^ or 



7i lAl' 



T\l'"^(aV6-)i* 



The distance of the origin from the straight line 

d;cosa + y8inra=j9 
is jp, and that therefore from 

-4aj + % + (7 = 



must be 



(A' + £')i' 



34. Tofimd the distamce between twopa/raUel straight lines. 

Let their equations be 

Ax + By+C=-0 (1), 

Ax + By + G'=0 (2). 

Take any ]>oint a?,, ^, betioeen them; then the distance of 
a?j, y^ from (1) is. 

Ax^ -^By^ + C 

(A' + B')i ' 
from (2) measured in the opposite direction 

^Ax^^By,^C\ 
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tlierefore the distance between (1) and (2) is the sum of these 
distances, or 

35. To find ike angle between two straight lines. 
Let their equations be 

Then, if 0^, 6^ be the angles they make with the axis of «, 

tan«, = -^\tan«, = -^»; 

\ tanW,-flW-;28 £i- = -r-7' — '^, 

• ^ * ^' A,A^ A^A^ + B^B^ * 

^^B,B^ 
These straight lines will evidently be parallel if tf^ — fl^ = 0, or 

They wiU be at right angles if 0-$='^, or if tan(d,- tf^)=oo , 
or if 

^^ BB • 

1 a 

36. To find the coordinates of the point of intersection of 
two straight lines. 

Since the point lies on each of the straight lines, its coordi- 
nates must satisfy each of their equations. 
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Therefore, taking the same equations as before, mnltiplying 
the first by B^, the second by B^, and subtracting, we eliminate 
y, and obtain 

(A ,i?. -A^,)x + (G,B, - G,B^) - 0, 

~AB,-A,B/ 
By the same process, or by symmetry^ 

GJ,-C,A, 
^- AA,-£,A^- 

It may be observed that we hg^ve here written down the 
value of y from that of x without going through the pro- 
cess ; we are able to ^o this because x and y are symmetrically 
involved in these equations; for wherever x occurs with A^ or 
i4^ as its factor y occurs also with B^ or B^ as the corresponding 
factor, and therefore if in any results we substitute B^ for A^, 
B^ for A^ we shall get y instead of x. 

It will be also observed that the values of x and y obtained 
from these equations have for their denominators quantities of 
the same value but of opposite sign. 

37. To find the condition that three points may he on the 
same straight line. 

Let a?j y^y x^ y^y x^ y^ be the coordinates of the points; then, 
since these points lie on a straight line, the area of the triangle 
of which these are the angular points must be equal to 0, but 
twice the area of this triangle is equal to 

is the condition required. 

Generally however the best way of proving that three 
|>oints lie on a straight line, is to find the equations to the 
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straight lines passing through them taken two and two; if these 
equations are identical, the three points must lie on the line 
represented by either of them. 

88. 2\> find the equation of a straight line iohich passeSr 
through the point of intersection of two given straight lines. 

Let the equations to the two straight lines he 

Aix-\-£^ + G =0 , (1), 

A^x-^£j/ + C^ = (2). 

Multiply equation (2) hy any quantity X and add it to (1), 
then (4^ + \il,)a; + (5i + Aj&a)y+Ci + Xa^=0 (3). 

This is evidently the equation to some straight line, since 
it is of the fii*st degree ; also it passes through the intersection 
of (1) and (2), because if one of these equations is satisfied the 
other must be ; it is therefore the equation required.^ The quan- 
tity X is called an indeterminate multiplier, its value depends 
on the different geometrical circumstances of each particular 
case. : 

For instance, let us find the equaticm to the line bisecting 
the angle between (1) and (2). 

Let 8„ 8, be the perpendiculars from any point of this line 
on the lines (1), (2), respectively, then since equation (3) may 
be written 

8, (^,» + ^i")* + XS.(^/ + ^,*)4 = 0. 

• {A.' + B.'ji 
Aje + B^+C, 

Therefore since 8^, 8, are proportional to the sines of the 
angles which (3) make with (1), (2), respectively, 8j =8^,. 

. (A,' + £,')i 

• • A — — r > 
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and the equation may be written 

A^ x-^B^y + C Ajs + B^fz + G 

5p 8,, must be of different signs, since they are measured in 
different directions from the line (3). 

39. Similarly to find the condition tliat three straiglU 
lines should paaa through the same point. 

Let the equation to the third line be 

Then, since this straight line passes through the intersect 
tion of 

A^x + Bjf + C7=0, A^x-^Bj/+C^= 0, 
its equation must be of the form 



• • 



A ■». 0, 



i?.C.-g,C. _ J.(7,-Ag. 



the condition required 

40. Generally, however, problems of this kind may be 
solved more easily from the particular conditions of the pro- 
blem. 

Ex. Prove that the straight L'nes through the angular 
points of a triangle bisecting the opposite sides meet in a 
point. 

Take the two sides CA^ CB as coordinate axes, let 2), E^ F 
be the bisections of the sides. ^ 
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The coordinates of D are ^ , ^ ; 

•*. the equation to CJ) is - = ^ . 
The equations to HB, AF are evidently 

X 2y - 
ah 

therefore the equation to a straight line through their intersec- 
tion is 



LetX=-l; 



2 + X 1+2X , , 
-—- «+— v — y=l+X, 
a 



,x_y 



the equation to CD already found. 
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Example IV, 

1. Find the distance of the point 2, 3 from the line x + y=l, 

2. Find the distance of the point 3, 0, from the line 

^+2^ = 1- 

3. Find the distance of the point 0, 1, from the line 

a: - 3y = 1. 

4. Find the distance of the point — 1, 3, from the line 

3iB+4y + 2 = 0. 

5. Find the distance of the point — a, —h, from tha line 

a? y ., 

no 

6. Find the distance of the point a, 6, from the line 

7. Find the distance of the points A, hy from the line 

8. Find the distance of the origin from the line ~ 

9. Find the distance of the point A, ^, from the line 

hx + ky = €^, ' 

10. Find the distance of the point a, 0, from the line 

y = >»aj + — , 
m 

1 1 . Find the distance of the point h, k, from the line 

he ky _ 
a 
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12. Find the coordinates of the foot of the perpendicular 
in each of the preceding cases. 

13. Find the distances between the lines 

y = (05 — a) tan o, 
and y = {x — h) tan a; 

-+f = 2, and -+f=o. 
a a 2 

14. Find the coordinates of the points of intersection of 
the four lines in questions 1 — 4. 

15. Find the coordinates of the intersection of 
«cosa + y sina = p, and 05 cos j3 + y sin j3 = j:>. 

r 

16. Find the coordinates of the angular points of the 
parallelogram whose sides have for their equations 

x = a, x = b, 05 cos a + y sin a =^j, ajcosa + ysin«=^j, 

17. Find the equations to the diagonals of the parallelo- 
gram in question 16, the coordinates of their point of int^- 
section, and the area of the parallelogram. 

18. Three of the angular points of a parallelogram are 
a, 0; h, k; 0, 6, respectively; find the coordinates of the other 
angular point, and the equations to the diagonals, 

19. Deteinnine the angles of the parallelograms in the 
preceding questions. 

20. Determine the angle between the straight lines 

and find the relation between a and b when this angle is ISOVf: 
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21. Determine the angle between the lines 

- + ^ = 1, and 35 cos a + y sin a = ». 
a 

22. Determine the angle between the lines 

4r cos d + 3r sin tf = 1, 
r cos tf = 3. 

23. If the axes are inclined at an angle o), and 6 be the 
angle between the lines 

tand- __(^.^.^>ina^__ 

24. i4i?0 is a triangle, the centre of the inscribed circle, 
0,, Oj, O3 the centres of the escribed circles; prove that 
0,00^, O^AO^ O^BO^, AOO^ are straight Unes, and find their 
equations. 

Take A as origin, AB^ AG as axes. 

25. Find the equation to the stitdght line which passes 
through the point A, k^ and the intersection of 

26. Find the equation to the straight line which passes 
through the intersection of 

.^lO; + ^ly + (7i = 0, Ajc + B^+C^=:0, 

and also through the origin, 

27. Find the equation to the straight line which passes 
through the intersection of 

and is perpendicular to the former line. 
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28. Find the equation to the straight line which passes 
through tlie intersection of 

and is parallel to -i^^aj + B^ = 0. 

29. Find the equation to the stWght line which passes 
through the intersection of 

X cos a + ^ sin a =Pf xco^^ + y An. P=Pf 

and also of 

y = WMC + c, and aj = wy + <?, 

30. The perpendiculars from the angles of a triangle on 
the sides intersect in a point. 

« . 

31. The straight lines intersecting the angles of a triangle 
intersect in a point. 

32. If ABC be a triangle, and D, E, F points in the sides 
such that BD ; DC :; GE : EA :: AF ; FB, then AD^ BE^ CF 
intersect in a point* 

33. The locus of a point, the algebraic sum of whose dis^ 
tances from the sides of a polygon is constant, is a straight 
line. 



CHAPTER V. 



The Cibclb. 



41, Next in simplicity to the straight line comes the 
circle : we proceed to find its equation. 

Let the axes be rectangular, and let the radius be c. 

First, let the origin be the centre. 

Let P be any point on the circle, PM^ OM its coordinates. 
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Then OM*^PM' = OP% 

or, x' + y' = ci', 

the equation required. 

42. Next, let the coordinates of the centre be a, h. 
Then, in the figure, 




but 



or 






= 0, 
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the general equation to the circle referred to rectangular coor- 
dinates* 

43* lu this equation, 

If ^ = 0,- C7 lies on the axi& of y, which is therefore a 
diameter. 

If &=:0, C lies on the axis of bc^ which is therefore a 
diameter^ I 

If a == 0, & = 0, we get the original equation 

If a" + 6*=c», 

CP" = or + CL% •% lies on the curve. 

These cases are represented in the annexed figures. 
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44, ^0 find the conAUion that ike general equation of the 
second degree 

Ax"+2Bxy + Cy"+2Dx + 2Ey + F = (1) 

nuM/ represent a circle. 

If possible, let it be the equation to that circle whose centre 
is the point a, by and radius c. 

Then the equation must be identical with 

»' + y*-2a«-26y + a*+6*-c" = 0. 

Divide by A and equate coefficients of a^, f^ to the con- 
stant terms. Therefore 

^ = 0, 5=1, 

2D ^ 
— —26, 

The equation (1) will therefore represent a circle if J? = 0, 
C=Af or the general equation to a circle is 

iia;" + Jy» + 2i>aj + 2% + .P « 0. 
Hence, if the equation 

a' + y*+2Jaj + 2% + CsO 
represent a circle, the coordinates of the centre are -^A^^B 

andthex^ius (^' + ^-(7)i 



S6 
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46, To find the equation to a circle referred to oUique 



axes* 




Let a, h be the coordinates of the centre, c the radius. 
Here CM' + /?P" - 2GM . BP cos CRP = CP" ; 
but CEP = ir-'TQX=ir-Wy 

(x-a)' •{• 2{x- a) (y -h) cosm + {y-'by = c'. 

Expanding and rearranging, we obtain 
a? + 2xy cos cD + y*— 2(a + 6 cos w) a; — 2(6 + a cos w) y 

+ a* + 2a& cos CD + 6* — c* = 0. 

46. Here, as before, we find that the conditions that the 
general equation of the second degree 

Aa^ + 2Bxy + Gy' + 2DxA- 2Ey + ^» 
should represent a circle are 

We shall, however, rarely use this equation. 
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47. !^o find the equation to a circle referred to polar coor- 
dinates. 

First, let the centime be the pole, let the radios be c, th.en 
evidently r = c is the equation required. 

48. Next, let the coordinates of the centre (7 be ^ a.. 




Then, in the triangle SCF, 

SF'-2;SP.SCcosFSC-hSG'=^OP'=0, 

or r* - 2lr cos (tf - a) + ? - c* = 0, 

the equation required. 

In this equation if r^ r, be the two values SF, SF' of r 
corresponding to any value of tf, we know that 

**/« = ^' - c*. 

This proves that, if from any point a straight line be 
drawn cutting a circle, the rectangle contained by its segment 
is constant. 

In this equation put l = c, then S lies on the circle. 

Then the absolute term vanishes, and the equation becomes 

r''2c cos (tf - a) = 0, 

5—2 
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Example V. 

1. Determine the radii of the circles denoted by the fol- 
lowing equations : 

aj« + y" = 9a", 

oj' + y* 



a* + 6^ 



= 1. 



2. Determine the coordinates of the centre, and the radii 
of the circles denoted by the following equations : 

a* + y* + oa; + fty =3 a' + 6', 
»• + /- 3a?- 4y + 4 = 0, 
a:' + y*=aa?, 

05* + y* = a (aj + a), 
aj* + y* = aaj + 6y. 

3. Find the equation to the circle whose radius is a, and 
coordinates of the centre a, - a. 

4. To that whose radius is 5a, and coordinates of centre 
da, ia* 

5. To that whose radius is c, and coordinates of centre 

6. To that which passes through the origin and cuts off 
lengths a, b from the axes. 
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7. To that which passes through the origin, and two given 
points x^y^, xjf^. 

8. To that which passes through the three points xj/^^ 

9. To that which passes through the three points a> 0; 
0, 6; 6, a, 

10. In the last four questions find the coordinates of the 
centre and the radius of each circle. 

11. Find the equation to the circle which has its centre 
in the line Ix = my, and cuts off chords of length 2a^ 2b from the 
axes. 

12. Find the equation to the four drcles whose radius is 
9j2ay and which cut off chords from each axis equal to 2a, 

13. Find the equation to the circle which passes through 
the origin and cuts off equal lengths a from the lines y = a?, 
x + y = 0, 

14. The equation to the circle whose centre is the origin 
and radius a, the axes being inclined at an angle to, is 

otf + 2a;y cos w + y* = a*. 

15. Find the angle between the axes when the equation 

represents a circle. 

Find also its radius and the coordinates of its centre. 

16. The axes being inclined at an angle oi, find the equa- 
tion to the circle which passes through the origin and the 
points hf 0; Of k 
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17. Find the angle between the axes when the equation 

as* + y* = a* + JZxy + ax 

I'epresents a circle: find the radius and coordinates of the 
centre. 

18. If the equation ] 

a"(a? '\'y^ay = 2Vxy 

represent a circle, determine the angle between the axes, the 
centre, and the radius. 

19. Prove analytically, Euc. iii. Props. 3, 9. 

20. Find the polar equation to the circle which has its 

centre at the pole and cuts off a chord of given length from 

the line 

r co8{6-~a) = p, 

21. Prove, by using polar coordijiates, Euc. iii. 7, 8^ 14, 
15, 20, 21, 22, 31, 35. 

22. A ladder is placed against a wall, shew that its middle 
point always lies on a circle. 

23. If A, JB he fixed points, and P a point such that 
AF : BP in a constant ratio, P lies on a circle, unless the 
ratio is equal to unity. 

24. If two chords of a circle intersect at right angles, 
the sum of the squares of tiie segments is together equal to the 
square of the diameter. 

25. Find the length of the chord of the circle 

X ' if 

the equation to the chord being - + ^ = 1. 
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Tangent and Normal. 

49. We might proceed to find the equation to the tangent 
to a circle at any point from the consideration that it is per- 
pendicular to the diameter through that point; we will, how- 
ever, give a definition of a tangent, and a method of finding 
its equation, Which will be applicable to all curves. 

. 50. T>EF, Let QPQ" be a curve,: F a point on it, Q any 
other point on it; draw the secant QPE'^ let Q move along 




Q . . 

the curve to F; then the liipiting position of the secant QFS, 
when Q moves up to and vltimately coincide with P, is called 
the tangent to the curve QPQf at F. 

It is evident that on whichever side of P we take ft ; for 
every position of Q there is a definite position of FQ ; there 
must therefore be sotne position when the point Q is neither on 
one side of F nor on the other ^ but ttt P: this position is called 
the tangent at P. 

51. Dep. The normal to a curve at any point is the 
perpendicular to the tangent through that point. 

52. To find the equation to the tangent at any point of ^, 
circle. 

Let the point be x^^^ and the equation to the circle 

«'+y'=c' (1), 
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and first let us find the secant passing through the points 

The equation to the straight line through these points has 
been already found, it is 



y-y»=^^; <"'-"•> <2>- 



Now if the points P, Q coincide, flJ, = «i; yg = yx, and the 

fraction ^ — — assumes the form 77 . 
aj.-Oi 

We have not, however, introduced the condition that these 
points should lie on the circle. 

Since «i*+yi* = «*=«,'+ y.'t 



Substituting in equation (2) we obtain 



y-y.+^;^(»-««)=o. 



Now let Q coincide with P, or «, = «,, y.^yn »iid the 
equation becomes 

yi 

or yyi + a», = y/ + «,* = c^: 

a»j + 3^,=c" 

is therefore the equation required. 
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If Hie centre be not the origin but the point A, k, transfer 
the origin to that point and we obtain 

(aj-A)(ajj-A) + (y-A;)(yj-t) = a*. 

53. To find the points tjohere the tangent cuts the aacee. 

Putting y and x successivelj equal to zero in the equation 
to the tangent, we obtain 

< y, 

54. To find tlie equaMon to the normal at the point x^y^. 
Since the normal is perpendicular to the tangent 

its equation must be 

or asyi-yoji-O. 

The normal therefore passes through the centre. 

• 55* To find the condition ihat the straight line 

a o 

should touch the circle 

Eliminating y by substituting - (a— a;) in the first of these 

a 

equations, we obtain 
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If the straiglit line touches the circle, the valaes oF x ob- 
tained from this equation .must be equal, siiiee the tangent only 
meets the circle in one point. 

But we know, that if the equation^ 

has equal roots, j5* = 4-4C; 

.-. aV=a'(i'+y)(6*-c»), 
or aV = (a« + 6")c", 

is the condition required. 

s ... 

56. Othenoise, if the straight line 

a 
touches the circle, it linust coincide with some tangenfc 



,8 



or 









or .c*(a' + 6') = a'6*, 

1 1 1 

or -|+ =y= T. 



» •« 
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The straight line 

X cos a + y sin a = c 

evidently touches the circl.e, fiince it. is !at a distance from the 
centre equal to the radius. 

57t To find the length of the tangent drama from the point 
my to the cirde 

x« + y*=c*. 




Let PQ be the tangent, then 

Hence that expression which is equal to izero when the 
point {ocy), is on the circle, is equal to thje square of the length of 
the tangent from (ojy) when the point is without the circle. 

* « • • • « 

If the point be within the circle,, 

as' + y' — c* is negative^ 

its square root is therefore impossible; this shews that no 
geometrical tangent can be ^drawn to the circle from a point 
within it, . » : ; : 
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EXAXPLB YI. 

1. Prove analjticallj, Euc. in. 16, 18, 19, 32, 36. 

2. Write down the equations to the tangents to the circle 

whicli pass through the points on the circle. 

Find the equations to the tangents to the circle 

which have the following properties respectively; 

3. Make a given angle with thd axis of x : 

X y 

4. Are parallel to - + j = 1 : 

5. Are perpendicular to 

wia:+-»y + (? = 0: 

6. Pass through a given point on the axis of y : 

7. Are at a distance 8 from the point a cos a, a sin a : 

8. Cut off a given triangle from the axea. 

9. Find the conditions that the lines 

Ax-^-By^G^O, 
y r= (a;~a^)tana, 
Ix + my = d^ 
should touch the circle. 
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10. Shew that the equations to the tangents through thd 
point {hh) are 

1 1. Shew that the equation to the tangent to the circle 

which passes through the origin, is 

oo; + 5y = 0. 

12. Prove that the circles and liner whose equations are 
here given touch each other respectively, and find the points of 
contact in each case, 

jc'+y' + aoj + ^ysO, and ooj + Jy + a* + 5*=0; 

«• + y* - 2ax - 2by + 6* = 0, and x = 2a; 

oc^ + y'" 2c (oj + y) + c*= 0, the axes, and 

(a? — c) cos tf + (y - c) sin ff = c ; 

iB' + y*=aaj+ Jy, and cwj — 6y + 6' = 0, 



13. Prove that the condition that the straight line 

a b 



*+l?=i 



should touch the circle 



IS 



{M*'*<'fi4)}=(M)' 



14. Find the condition that the straight line 

a; cos + y sin =p 
should touch the circle 

iB' + y'=2(aaj + 6y). 
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( 19. TtQte that tlie tangent at the point (a^j^i) to the circle 

35* + 2ocy cos (I) + y* = c* 
is . (aJi + yiCosa4» + (yi + a?iCos«)y=c'. 

16; Prove that the straight line ; 

X cos a + y «.os /3^ c 
will touch the circle 

a;* + 2xt/ cos (a + )8) + y* = c*. 

17. Prove that the straight line 

rcos(tf — a) = a 
touches the circle r = a at the point a, a. 

18. Prove that the tangent to the cirde 

r=?cos(tf — a), 
at the point for'which 6 = P,ia 

rcos(tf + a-^2)8) =r?cos'()8- a). 

19. Find the tangents to the circle r = l cos {6 — a) at the 
pole, and at the extremity of the diameter through the pole. 

20. Determine the ppint of contact when the tangent 
makes an angle y with the initial line. 
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58, From a given point tangents are drawn to a circle, to 
find the equation to the straight line passing through the points 
of contact. 

Let h, k be the coordinates of the given point, let a^, y^ be 
the coordinates of one point of contact, then the equation to 
the tangent at {x^y^ is 

«»i+yyi = c*; 
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but, since thk 'passes through (A, k) 

Similarly, if x^, y^ be the coordinates of the other point cf 
contact, 

since (A, k) lies on the tangent through xj/^. 
Hence, since 

aji, yi, oja, y^ satisfy the equation 

this, however, is the equation to a straight line, and since it is 
satisfied by the coordinates of two points, {xiy\)^ {^%y%\ it is the 
equation of the straight line which passes through those points': 
it is therefore the equation to the straight line requii*edr 

59, We have seen that when the point (A, k) is without the 
circle, the equation 

liM-k-ky-c^ 

represents the chord of con- 
tact of tangents through 
(A, A;); when (^, Ic) is on the 
circle, the same equation re- 
presents the tangent at (A, ^); 
what will then this equa- 
tion represent when the 
point (7i, k) is within the 
circle, so that no real tan- 
gents can be drawn through 
it to the circle % 
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It is still the equation to a straight line, and since its form 
is unchanged whatever be the position of the point {hy k) the 
equition must represent some geometrical facts which are inde- 
pendent of that position. 

Let P be the point 
(hy Jc) either without, on, 
or within the circle, then 
the equation to OF is 



X 

h 



y 

k 



...(1); 

/. (Art. 27), the line 
hx-^ky = c* (2) 

is perpendicular to OP. 

Again, the distance 
of the origin from the 
line (2) is 




IN'ow, 
OP = {h' + ^\OL==c; 

therefore if in OP or OP 
produced we take a point 
H such that 

OB : OL :: OL : OP, 

and through R draw 
QRQ perpendicular to 
OPy the equation to 
QRq will be 



-, (Art. 33). 
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60. QRQ' is called the polar of F : conversely, P is called 
the pole oi QRQf, 

The polar of a point may be defined either geometrically or 
algebraically. 

Geometrically y thus : let be the centre of a circle, P ^jdlj 
point, join OP and divide it, produced if necessary, in §, so that 
OR is a third proportional to 01 and the radius : through R 
draw a straight line QRQ' at right angles to CP : this straight 
line is called .the polar of P. 

Conversely^ let QQ' be any, straight^ line, draw OR perpen- 
dicular to QQ', and in OR, produced if necessary, take a point 
such that OP is a third proportional to OR and the radius, then 
P is called the, pole of C^* 

Algebraically: let the coordinates of any point be A, ^; then 
the straight line represented by the equation 

hc-vhy—(? 
is called the polar of (A, A;). 

Conversely, let the equation to any straight line be thi-own 
into the form 

hx -^hy^ c", 

then (A, k) is the pole of the line. 
Thus ; required the pOle of 



Multiply by c', 



- + ? = !• 
a 



.'. -x + j-y=c% 
a ^ 



c« c" 



•*• — J T> a^© the coordinates of the pole. 
V. G. 
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The student is recommended to pay particular attention to 
the preceding articles; there is no part of the subject which it 
is more necessary to understand thoroughly. 

61. ^f i^ 'polar of Q passes through P, then Q lies on the 
pole ofF. 

Let the coordinates of F be A, Z?, of Q, x\ y\ then^ since Q is 
on the polar of P, Q lies on the line 

hM-¥Jcy = c* (1), 

.-. hKi-\-hy=-e (2). 

But the polar of (a/, y) is 

xoi ■\-yy'=^i? (3). 

In this equation if we put a? = A, we get from (2), y = K 

Therefore the point (A, /t) lies on the line (3), and conversely 
the line (3) passes through the point (A, ^). 

62. Similarly, if the polar of Q passes through P, then Q 
lies on the pole of P. 

Let the coordinates of P be A, h^ of Qy x\ y\ then the polar 
of 6 is 

but this equation represents a straight line which passes through 
(A, h\ 

.\ hx' + ky' = c'; 

.*. afy y\ are the coordinates of a point which satisfies the 
condition 

hx-^-hy — c*, 

that is^ the point Q lies on the polar of P. 
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63. If ^^Q origin be not the centre, and the point (a, 6) be 
the centre, we must in these equations write x — a, y-b^ for aj 
and y. 

64. To find the polar of the origin with respect to the 
circle 

The polar of the point (A, k) is 

or (A-a)a; + (A;-5)y-Aa-A:5 + a' + y-c*=0, 

Put A = 0, k=0, then 

the equation required. 



Two OR MORE Circles, 

65. ^0 find the equation to the straight line which passes 
through the intersection of two circles which cut each other^ 

Let the equations to the circles be 

x' + y'-2a,x-2b^ + a,'-hh^'^Ci' = ...(1), 

a3' + y"-2a,a;-26ay+a,' + V-<?2* = (2). 

Subtract one of these equations from the other : tlien 

2(ai-aa)a + 2(6i-5a)y = ai"-aa' + 5i*-V-(Ci'-Ca') (3). 

This is the equation to the straight line required, for it is 
the equation to some straight line, and it passes through the 
intersection of (1) and (2), because whenever equations (1) 
and (3) are satisfied simultaneously^ equation (2) is satisfied 
also. 

6—2 
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66. -^^ ^^^ expressions on the left-hand side of equations 
(1), (2) he denoted by Sj, S^, respectivel}/^ then equation i^^may he 
written 

. S,-S, = 0, or Si = S,.... (4). 

Leb us investigate the geometrical meaning of this ex- 
pression. 

"We Lave seen that when the circles cut one another the 
chord of intersection is . represented by equations (3) or (4); 
they may however not cut one another, in which case (3) or (4) 
will still. represent a straight line. 

Now we know (Art. 57) that dfj'+^' — c* is the square 
on the tangent drawn from (a?, 2/) to the circle 

ft 

Similarly, {x — a)* + {y - Vf — c^ is the square on the tangent 
drawn from (x, y) to the circle 

or S is the. square of the tangent drawn from (a?, y) to the circle 
/S'=0. 

Hence the meaning of equation (4) is, that for all points 
represented by it, the squares on the tangents, and therefore 
the tangents themselves drawn from them to the circles, are 
equal to one another. 

Hence, Jf we subtract the expression on the left-hand side 
of the equation to one circle from the similar expression in the 
equation* to another circle we -get the equation to a straight 
liney and, if from any point in this straight line we draw 
tangents to the circles, these tangents will be equal to one 
another. 

This straight line is called the radical aods of the two 
circles. 
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67« Let the equations to three circles be 

Then the equations to the radical axes of these circles taken 
two and two together are . ■ ... 

/Si — Oa = 0, 

/S'a — aS's = 0, 

/Sjj — aS^ = 0, 

At the point where the straight lines represented bj the 
first two of these equations intersect, we have 

/Sj — o^ = /S3 — /jj = 0, ?■ • ' 

or JS^-Si = 0, 

that is, the third straight lino passes through the intersection 
of the first two. 

Hence the three radical axes of any three circles meet in a 
point. 

This point is called the radical centre of the three circles, 

68« In the equation to the circle 

(x-ay + {i/-hy-c' = 0. 

Let c = 0, ,\x-a=Oy y — f) = Oy 

the equation therefore represents the .point {a, 6). 

« 

A point may therefore be considered as a circle of infinitely 
small radius. If in the equations to two circles we put the 
radius of one equal to zero, and subtract, we obtain the equa- 
tion to the radical axis as before, which is now a straight line 
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such that tangents from any point in it to a circle are equal in 
lengbh to the distance of that point £rom a given point. 

If both radii vanish, and both circles become points, the 
radical axis becomes the straight line, every point in which is 
equally distant from the two given points. 

69. To find tJie common tangents to two circles. 

Let the equations to the two circles be 

«^ + y = Ci" (1), 

(aj-a)» + 2/»=c/ (2). 

Let xcoaO-^y sin $ =p 

be the equation to the common tangent. 

Then since this straight line touches (1), 

Also, since it touches (2), the distance from the point a, 0, 
most be c,. 

But this distance is 

8fc(acos tf-p), 

.% ±(acostf =pCj) = Cj; 

.'. cos^ = ± -^ ?: 

a 

sm ^ = ^-^ *^-^ . 

a 

Hence the equations to the tangents may be written 



TWO OR MORE CIRCLES. 



87 





70. Ill til© above equations, first, let a > c^ + c,, or 

therefore the circles do not meet, hence there can be f(mT 
common tangents drawn to them. 

are the equations to the internal tangents which cut the axis 
of 0? in the point T^ such that 

OF 
T - ' * O O 
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c, 
or x = — - — a: 
c. + c^ 



and x{Ci'-Ci)^I/{a'-(Ci'-c^'}^ = ac^, 

the equations to the external tangents which cut 0^0^ produced 
at a point T^ such that 

0,, Oj, are called the external and internal centres of simi- 
litude. 

If c^'hCa>' a, the two circles cut one another, and only two 
tangents can be drawn to touch both circles. 

This is shewn analytically by one of the values of cos $ be- 
coming greater than 1, which shews that no angle exists having 
the required cosine. 

If Cj — Cj,> a, both values of cos 6 are greater than 1; in 
this case all the equations become irrational, or no such tangent 
can be drawn. 

In this case, since 
and one circle lies entirely within the other. 
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Example YIT. 

1. Write down the polars with respect to the circle . 

of the following points, 

(c, c)'j {2c, 3c); {a + hy a-h), 

2. Find the poles of the following lines : 
Ax-\-By-\-G = Oy - + 1=2; y r- g^^ = (a; - a;,) tan ^ ; 

2^ = 6; x = a, 

3. If the pole always lie on the line 

a b ' 
the equation to the polar is 

{ax — c*)^os 6 + (6y - c") sin (? = 0, 
where is any angle. 

4. If the pole lie on the circle . , 

a;'+y'=4c*, 
the polar will touch the circle 

5. Find the equation to the circle whose diameter is the 
common chord of the circle 

a;*+y* = c', and (a; - a/ + y* = c*. 
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0. Find the equation to the straight line which joins the 
centres of 

»• + 2a; + y" = 0, y* + 2y + ic* = 0. 

7. Find also the tangents at the origin to these two 
circleb. 

8, Find the length of the common chord of the two circles 

(a;-a)- + (y-6)- = c', 

and hence prove that the condition they should touch each 
other is 

2(j« = (a-6)". 

9« Prove that all circles represented by the equation 
(a, _ a.)' + (y - 6.)' + * {(X - «/ + (y - 6/} = c', 
where k is any constant^ have the same radical axis. 

10. Find the radical axes and radical centre of the circles 

(a,^l)« + (y-2)' = 6, 

(a;-2)-+(y-3)- = 8, 
(«-3)« + (y-l)' = 10. 

lit The abscissae of the centres of two circles are a^, a^, 
and the lengths of tangents from the origin ^i, l^^ respectively ; 
shew that the radical axis cuts the axis of x at the point whose 
abscissa is 

2(flhL-a,)' 

12. A fixed circle is cut by a series of circles, all of which 
pass through two points : shew that the radical centre is a 
fixed point. 
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13. Three circles haye fixed centres^ and their radii are 
^i + P> ^j + P> ^a"*"/^' where p is variable; shew that the radical 
centre lies on a straight line. 

14. Find the equations to the four common tangents to 
the circles 

a;' + 3^ = 4(^, a5' + y"-8ca?+ 15c*=0. 

15. Prove that the circles 

as' + y* = c*, iB"+ 2^+ a" + 2cw = 2 (a + c) 2^, 
have three common tangents, and find their equations. 

16. Prove that the circles 

have only one common tangent, and find its equation. 

17. Find the locus of the intersection of a perpendicular 
from a fixed point on a line passing through another fixed 
point. 

18. -4 is a given point, P a point on a fixed circle : AP is 
divided in Q so that AQ : FQ in a given ratio ; shew that the 
locus of Q is a circle. 

19. Find the locus of a point such that its distance from 
the line 

X cos a + ^ sin a =p 

is a third proportional to a given line h, and its distance from 
a given point. 

20. Find the locus of the intersection of two straight lines, 
which pass, each through a given point, and are inclined at a 
given angle. 

21. The four tangents, which are common to two circles 
which do not intersect, and ai*e terminated at the points of 
contact, have their centres on the radical axis. 
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22; Given one side of a triangle and the opposite angle, 
find the locus of the intersection of the bisectors of the other 
angles. 

23. -4^ is a given diameter of a circle of which (7 is the 
centre, DE a chord such that DCE = 2a ; AD, BE intersect in 
P : prove that the locus of P is a' circle. 

24. From a fixed point C a straight line PGP* is drawn 
cutting a fixed circle in PfP'y find the locus of Q whpn 

GQ'^CP.GP. 

25. A By AG are fixed straight lines, DE a line of fixed 
length terminated by thfem in D, E, from D, E are drawn 7>P, 
EP perpendicular to AD^ AE, intersecting in P; find the locus 
of P. 

26. A straight line through a point B cuts two fixed 
circles in PP^, QQ^ respectively ; if 

BP . jRr = fjiBQ . BQ", 
find the locus of B. 

27. A circle of given radius moves in such a manner with 
respect to a fixed circle, that their radicalaxis always passes 
through a fixed point j shew that the locus of the centre of the 
moving circle is a cir(>le, of which the given fixed point is 
centre. 

28. Shew that the locus of the middle points of the chords 
of one circle which touch another circle, is - 

the equation to the circles being * 



IS 
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29. Shew that the equation to a chord of the circle 

r=^c cos 0, 

ccosacosiS J ^ ^. 
= r cos (a 4- p - 6), 
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where a, p, are the angular coordinates of the extremities ojf 
the chord. 

30. Two circles whose -radii are a, b, cut at an angle a, 
the length of the common chord is 



2ab sin a 



(a^ + 2ah cos a + 6^)^ 



1* 
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The Parabola. 



71. A conic section may be defined as the locus of a point, 
the distance of which from a given point is always in a constant 
ratio to its distance from a given straight line. 

When this ratio is less than unity, the curve is called an 
ellipse; when equal to unity, a parabola; when greater than 
\mity, a hyperbola. 

The fixed point is called the focus, the fixed straight line 
the directrix, and the given ratio the excentricity of the 
conic. 

Conic sections are so called because when a right cone is cut 
by a plane, the section is always one of these curves. 

72. To find tlve polar equation to a conic section. 

Let S be the focus, LM the directrix, draw SL perpendi- 
cular to LM, and take S as the pole, SL as the initial line; let 
SL = c, P be any point on the conic, e the excentricity. 



or 



THE PARABOLA. 

.V 
Then SF = e. FM=e. ZK^e. (LS4- SJ^T), 

r = 6 (c + r cos 6)^ 
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.'. r(l ~ecosfl)=:6c, 



r = 



cc 



1 — c cos ^ * 



Let 



TT 



= ±^; .-. r = e(?, 



or -55^5' the chord through S at right angles to LS is equal to 
2ec. 



This chord is called the latus rectum; if its length be 
denoted by 2^, the equation to the curve may be put in the 
form 

2^ = 1 >, or - = 1-6C0S^, 

1 — e COS ^ ' T 

the equation required. 
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73t To fi)id the equation to 'the parotbola referred to rect- 
angular axes. 

In the preceding figure, take the directrix LM as the axis 
of y, and the straight line perpendicular to it through the focus 
as axis of x, let 

LS=2a. 

Then SP = MP:^LN, 

..-. SP' = LN\ 
or, SN^^PN' = LN\ 

that is, (x - 2a)' + y^ = x^, 

or, y^ = ia{x- a), 
the equation required. 

If in this equation we put y = 0, x = a; tliis shews that 
the curve cuts the axis at a point A, such that ZS is bisected 
in A , this point is called the vertex, and AS produced the aoids 
of the curve. 

If we transform the equation to parallel axes through A, 
the axis of x is unchanged and that of y is at a distance a from 
the old axis of y, hence . 

y=.y\ x = x' + a, 

and the equation becomes 

2/"* = 4aa/, 

or, suppressing the accents, 

j^ = 4:ax, 

^■ 

This is therefore the equation to the parabola referred to its 
vertex as origin, and axis as axis of as, * 
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74. ^0 trq^ ike form of the paraholafrom Us equation. 
Since y* = 4aar, oir 

X cannot be negative, that is, the curve lies wholly on th0 posi* 
tive side Qf the axis of y. 

Since y* = 4aa^ y =» * 2 (««)*, 

therefore, since this equation is unaltered if we write — y for y, 
to every point P on the curve on the positive side of the axis 
there corresponds another point P', on the negative side^ such 

that P'ir=Pir. 

The curve is therefore symmetrical with respect to the axis 
ofaj. 

Again, if aj=0, y = 0, and has no other value, therefore the 
curve does not cut either axis at any other point besides the 
origin. 

Also, the greater value we give to a?, the greater values we 
get for y, and when x is infinite y is infinite, hence the curve 
goes off to an infinite distance on each side of the axis of x. 

75. To find the distance of any point fr(ym thefoeus^ 
Let P be any point on the curve, 

then ^P« = AS'iT' + PiV^' = («-»)• 4. y* 

= (» — of + 4a« = (a; + oi)\ 
•♦. SP^a-^x. 

76. To find the length of the lotus rectum^ 

In the equation 

y* = iax^ 

• put 05 = a; 
then y' = 4a*, j/ = Jk2a^ 
or the latus rectum BB^=^ia^ 

V. G. 7 
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77. ^^ fi^ ^ eTvolum l6 U< lon^en/ a/ any /nmiU ^ a 

.Sinoe the equation to tlie pAzm]>:>U is enentiallj unsjin- 
mecrieaJ. it is conreiiient in problems rea|i«etiiig it to nae the 
uii>TnuciemGaI form of the eq^i&tian toji somight line^ 

Left fz ^ if^)y (x^. y^s ^ two (•oints on a panbola, P and Q^ 
tL'eii the equation to the straight line joining them is 

but since these points are on the parabola. 



y, - y 



4a 



'*-'» y.^yi 



therefore the equation to the straight line joining (a;,, y^ (x^ y^ 
becomes 

4ci , 

^"^«=y.^/'-'^' 

In this equation^ moltiplv by y. -*- y^ 

then y(yi"^yO-yi*-yjfi=^{*-'i) 

or, remembering that y^* = 4ajE^ 

y^>i-^yj-yiyt=^«- 

Xow let Q more np to P, and therefore x^ — x^y^ = y^ then 
P«2 becomes the tangent at P, and the equation becomes 
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fl9 



or, 2yyt 
the equation required. 



4a(a5 + a5i), 




T 



LA S 



N 



78t III tl^ equation put y= 0, 



I*. « = — a? 



w 



therefore the tangent PT cuts the axis at a point T such that 
AT=^ AF. 



Now 



ST=AS-\-AT=a-^x^^SP, 
,\STF = SPT. 



Agam, taaPri=^ = 2^=^-^ = -. 

79. To find the eqtuUion to the tangent to a parabola in 
terms of ike tangent of the angle it makes with the oasis. 

Let the line y = mx + c 

cut the parabola ^ = iax, 

then we shall find the abscissas of the points of intersection by 
substituting for y in this equation, and finding the roots of the 
quadratic 

(i?ia: + c)*=4afic 

7-2 
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Now if the straight line touch the parabola^ these roots 
must be equal; 

,•. mV + 2(«ic — 2a)x + c* = 0, 

must have equal roots ; 

/.mV = (wic-2a)'j; 

a 
m 

therefore the straight line 

a 
^ m 

or f/=^x tan O + aootO, 

touches the parabola ^ = Aax^ 

80» To find the coordintUes of the point of contact. 

Let {x tan 0-h a cot $y = y^ = Aax, 
,\ X tan 0— a cot ^ = 0, 
a? = a cot'ft 
Similarly y = 2a cot d. 

This form of the equation is often useful in problems which 
do not inrolye the coordinates of the point of contact. 

Example : 

Tangents at right angles intersect in the directrix. 

Let y«7iKc +— , 

a 
n 
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be the equations to the tangents; then since they are at right 
angles to each other^ 

1 

m 

is the equation to the tangent at right angles to the first. 
Subtract this equation from the firsts then 

(a;+a)(m + -) = 0, 
since this is to be true for all values of m^ 

the equation to the directrix. 

These straight lines therefore intersect on the directrix. 

81« To find ike equation to the normal at way point of a 
parabokk 

^^ ^i> ^1 be the coordinates of the pointy then 

is the equation to the tangent at(a^p y^), therefore the equation 
to the straight line through (a^, y^ perpendicular to this tan- 
gent must be 

the equation to the nonpal required* 

82. I^t PTf PO^ be the tangent and normal at Pj, then 
TIfia called the subtangent^ NG the subnormaL 



iff* 



■ix&zmcu. CBoadxsT. 




T A S X 



Ib lie eqpnsaoB x< ae ztcmal 



3« > - Jx" - Ji =*-< = 0. 



I« » = f'? 



_ Jk. 












fTAe 



Tbe eqmaka ^ ^ifr 



3 



LT kV:£i3xm 









•3 



= ~3 



2a "i«* 



y = n J«-2fl ^1 -^«';Ji 



•*; 



tilt egfBiaaak 
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84. ^ t*lie equation to the tangent. 

Let a^, f/i each be zero, then the equation becomes x^^O, or 
the axis of y touches the curve. 

85. ^0 find the locvs of the point in which the perpendi- 
cyf<xrjromthe/ocu8 en the tcmgent meets thai tangerU^ 

Let the equation to the tangent be 

y=^+S • • (i)» . 

then the equation to the straight line through ((s, 0) perpendi- 
cular ta (1) ii 

(x—a) ^ « a 

my + ^^— r-^ = 0, or y + — = — ; 
^ /^ mm 

at the intersection of these two straight lines we must have 



i t 



X 



(m + — ) = 0, /. a;»0. 



This is the equation to the tangent at the vertex : hence 
the locus of the foot of the perpendicular from the focus on a 

tangent is the tangent at the vertex. 

/ ■ ■. . . . • 

86t To find the equatixm of the (^rd of contact of tcmgenta 
drawn through a given poinL 

Let the coordinates of P be ^, ^, of (^ atid ^ aJi, yi, a?,, y^, 
respectively, then the equation to FQ is 

yyi = 2a (« + a?i), 

andtoP^, • yy, = 2a (» + aa)i \,^ ,. 
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Now since (^ X) lies on each of these lines, we must hxvB 

^yi = 2a (^ + flCj), 

that is, (05,, y,), (aj,, ^j), satisfy the condition 

kx=2a{x+h). 

Now this is the equation to some straight lin^ and ilio 
coordinates of Q and Qf satisfy it, it is therefore the equation to 

F is called the pole of QQ^, QQ^ the polar of P, and whether 
the point {h, k) be within, on, or without the parabolai the 
straight line represented by the equation 

hy = 2a{x + h) 
is called the polar of (^, i^ 

87. To find the pole of a given linSp 

Let the equation to the straight line be of the form 

Divide by m and multiply by 2dy 

2a i, 2ae 
•\ — f/ = 2ax+ — : 

comparing this with the equation to the polar, we get 

2a c 

— , — as the pole of the given line^ 
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88. By reasoning precisely similar to that by which we 
proved the analogous proposition in the case of the circle, we 
may prove that if P be the polar of QQ^ then the polar of 
every point on QQ passes through P, 

Example. The polar of the focus a, 0, is 

0=» + aJi, or » = -«,, 
the directrix* 

Hence the polar of every chord through the focus lies oil 
the directrix : hence also the directrix is the locus of the in- 
tersection of tangents at the extremities of focal chords : but 
we have proved it to be the locus of tangents which inter- 
sect at right angles : hence tangents at the extremities of focal 
chords intersect at right angles in the directrix. 



DiAHETEBS* 



89* I^t QQfR be a straight line cutting the parabola in 
Let QSA=^$. Let Qr=^Q^r. 




R lA 
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Let the equation to QQ be 

y=(a;-a5j)taiifl; 
substituting for x in tbe equation to the parabohi we obtain 

y*=4a(ycotfl + a;,). 

Now if y^ y, be the roots of this equation, 

but yj + yg=2acottf, 

.-. FiV=2acottf, 
therefore the straight line 

y= 2a cot tf, or y tan fl = 2a, 
bisects all chords of the parabola which ate parallel to the line" 

y — x tan fl. 

Hence the locus of a sjstem of parallel chords in a parabola 
is a straight line parallel to the axis. Every such straight line 
is called a ijiameter of the curre. ^ J . 

90. The coordinates of the point where the diameter 

y = 2a cot d 
meets the curve 

y* = 4a{r, 
are evidently 

a cot' 0, 2a cot 0, 

but the equation to the tangent at this point is 

%ay cot tf = 2a (as + a cot* B\ 
or y = a;tan0 + acot0, 

the equation to the tangent which cuts the axis at an angle 0. 



rSB VAUkVOLtU 
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Hence a diameter bisects all. chords, parallel to the tangent 
at its extreniity. 



91. To find the equcUion to a parabola referred to a diame- 
ter and its tamgerU as axes^ 




SN 



Let Q be any point on the curve ; PE, FT' the new axes ; 

let PTA^e. 

» » . - . _ . ^ 

Let the coordinates of Q referred to the old axes be as, y, to 
the new a/, y'. 

Then PiT = iW cot fl = 2a cot fl, 

1 
Ay=^AT= a cot% 

.•.a?=iiir+Pr+ Fi?=acot*d+a:i' + 3/coBfl, 
y^QR + EM=QB + P^^r/Bine + 2acot9, 

.*. (y'sin d'\'2a cot ff)'= Aa («+ ffcosO + d cot*^. 

- • ■ ■ 

Expanding and reducing 



*^°5E*5*? 



the equation required. 
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4a 
The quantitj -r-i^ is called the parameter of the diametor 

Pi? j it is equal to 4/$^^, for ^P r= a + uliir» a + a cot'0aa ooied'ft 

Hence if a' be the distance from the focus <^ anj point on a 
parabola, the equation to the parabola referred to the diameter 
and tangent at that point is 

y* = 4a^B. 



Since in finding the equation to the tangent we did not 
introduce the condition that the axes were rectangular, the proof 
holds equally good for oblique axes, and the equation to the 
tangent to the parabola 

y*=4a'jp 



IS 



yy, =2a'(« + ai). 



92. PdUno' equation to the jparaioUk 

Let the focus be the pole, and 
the axis the initial line; then Jf 



or 



r = 



r=2a + rco&0f 

= 2=acosec'-5-. 

1-cos^ 2 



If be measured from AySOj^ ^ 
ihatASP^e, 

2a ,d 




t**= « 3rs=aseC"7rA 

1+costf "°^2- 




THE PASABOLAt 109 

93. To find the pclar equoUion to tihs tcmgml to a parabola. 

Let Q be any pmnt in 
the tangent TQ; then 

SQ^SQT^STanQTS. 

But/S'r=r„ 

SQT=^QSM-STQ = e^^; t 

.•. rsin r^-^j = riSin-^«=2aco8ec^, 
.•.2r8in(fl-|)8in|=4a, 

the equation required. 

We might have deduced the equation to the tangent from 
the consideration that it cuts the parabola in two coincident 
points; we will however do this hereafter, for any conic 
section^ and consider the parabola as a particular case. 



Example VIII. 

1. If P be any point on a parabola, A the vertex and PN 
drawn perpendicular to AP cut the axis in JS'j^ then ^K is equal 
to the latus rectum, 

2. If the distance of a point from the focus be equal to 
the latus rectum, then its abscissa is equal to 3a. 

3. Prove that the length of a side of an equilateral triangle 
iliscribed in a parabola, so that one angle coincides with the 
vertex, is 8 ^3a^ 
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4. Find the length of the side of an equilateral triangle of 
which one angle coincides with the fQOla% And the others lie on 
the parabola y* = 4ax. 

5. A double ordinate PNP^ of a^ parabola « 8a^ proye that 
AI\!'=4:a, and that FAF' is a right angle, 

6. If a circle pass through a fixed po^it and touch a fixed 
straight line, its centre lies on a parabola. 

7. The diameter of the circle passing through the extremi- 
ties of the latus rectum, and the vertex is five fourths of the 
latus rectum; 

8. Two parabolas have. the same axis and vertex, but the 
latus rectum of on^ is double that of the other ; prove that any 
chord of the greater passing through the common vertex is 
bisected by the lesser parabola. 

9. If («! yi), (a?, ys),'be two points on the parabola y*=4aa? 
and «, — «! = a, yi y, = a", determine Xi^ f/i^ x^, y,. 

10. Prove that the area of a triangle described in the 
parabola p* = iax is 

g^(yi-ya)(y«-y»)(y8-yi), 

where y^, f/„ y„ are the brdinates of the angular points. 

11. The abscissa and double ordinate of a segment of a 
parabola are a, b and the diameters of the circumscribed and 
inscribed circles D, d} prove that 2> + ci? = a*+ 6. 

12. If a circle cut a parabola in 4 points, the algebraic 
sum of their ordinates is zero* 

13. The circle described on a focal chord as diameter, 
touches the directrix. 
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14. Th43 points of contact of two tangents being given^ find 
their points of intersection, - - 

15. Find that point on a parabola^ the tangent at which 
cuts off e(][ual intercepts from the axes. - 

16. If the tangent at F meet the directrix at D^ DSF is a 
right angle. 

• ^ .1 

17. A common tangent is drawn to a parabola, and the 

circle described in its latus rectum as diameter ; prove that the 
^ngle between the lines dmwn from the focus to the points of 
contact is bisected by the latus rectum. 

18. . The portion of the tangent at the vertex intercepted 
between the vertex and any diameter is bisected by the tangent 
at the extremity of that diameter. 

19. If a circle pa^s through the vertex and focus, cutting 
the tangent at the vertex in Q, the tangent to the circle at Q 
will touch the parabola. 

20. If the tangent at F cut the axes in T, F, respectively, 

TF.TT=TN.TS. 

21. Tia any point, TF, TQ the tangents through T, find 
the equations to TF, TQ, SF, ST, JSQ, and prove that 
TJSF=:TSQ, and QTS^TFS. ' 

22. The circle described on SF as diameter touches the 
tangent at the vertex. 

23. If QQ' be a focal chord, PFthe diameter bisecting itj^ 
SF^FVB,udiQV^2SF. 

24:« A straight line touches the curves 

y* = 4aa^ and «• + y* = c*, 
find its equation. 
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25. Two tangents to the parabola yF^4€UB, are 

y = xta.n 0^+aoot9i, 
y=zxtaiiO^ + aeot 0^ 

find the locns of their intersection when cot 0^ + oot 0^ s £. 

26. Find the locus, when cot 0^ — cot 0j| = ifc, 

27. Find the locus, when tan 0^ . tan 0, = £. 

28. Find the locus, when am$i, BiaO^ = k. 

29. Find the distance of the vertex and focus from the 
tangent y = a;tan a + a cot cu 

30. If straight lines be drawn from the focus cutting the 
tangent j/=-x tan $ + a cot at an angle a, they will intersect it 
in the tangent 

y =s fl? tan a + a cot cu 

31. Two normals to a parabola are always at right angles, 
find the locus of their intersection. 

32. The point of intersection of the perpendicular from 
the focus on any normal to y' = 4afc, lies on the parabola 
y* = a(x + a). 

33. If SPG be an equilateral triangle, SP is equal to the 
latus rectum. 

34. A circle touches a parabola at A, cuts it at B, (7, and 
passes through a point E on the axis ; BC cuts the axis in /> ; 
if iT be the middle point of DBy prove that BK is the nor- 
mal at B, 

35. Find the equations to the common chords of the 
curves 

y'«4ay, »* + y*«2cr. 
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36. BOj CD are two arcs of a parabola, snch thai the 
lengths of those parts of the diameters between their middle 
points Ey F^ and the curve are equal; provQ that MP is paridlel 
to the tangent at (7« 

37. Two equal parabolas have the same axis, and a chorc^ 
Qq of the one making a constant angle with the axis cuts the 
other in P; prove that PQ . Pq is constant, 

38. If there are three tangents to a parabola, the triangle 
formed by their intersections is half that whose angular points 
are the points of contact, 

39. If a circle be described with centre S, and radius /SJ, 
and any focal chord Pp cut this circle in ©, q^ PQ.pq-a*. 

40. Find the locus of the vertex of a parabola which has a 
given focus and touches a given straight line. 

41* In the i*adius vector SP^ Q is taken equal to the 
semiordinate, fbid the locus of Q* 

42, If PSp be a focal chord, I the semi-latus rectum, 

1 1 2 

+ 77-=-?. 



i^P Sp I 

43. If rj, r^ be two radii vectorps at right angles to one 
another, I the semi-latus rectum, 



/I ly (\ ly 1 



44. If PM be the perpendicular on the directrix from /*, 
SM'^^.SP. 

45. If Pp be a focal chord, prove that the triangle, 
PAp<x:{Pp)^^ 

46. If the tangent at Q be parallel to the focal chord Pp^^ 
SP.Sp^2l,SQ, ^ \ 

V. G. 8 
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47. If $ be on the focal chordFp, miSQ^Fp^ find the 
locos of Q. 

48. FQ is a chord through a given point 0, catting the 
parabola in FQ; prove that FO.OQ is least when FQ is per- 
pendicular to the axis. 

49. The abscisssB of two points on a parabola are x, 3aB^ 
and their focal distances r, 2r'y determine their positions. 

50. Given a diameter and its tangent, find the locos of the 
vertex. 

51. Find also the locus of the focus. 

52. The directrix is the polar of the focus. 

53. The poles of all straight lines through the foot of the 
directrix lie on the latus rectum. 

54. The pole of any tangent to the parabola ^ = 4aa?, with 
respect to the circle a;* + y' = c", lies on the parabola 

ay* + c^x = 0. 

55. Two parabolas have their axes perpendicular to each 
other ; prove that if they cut each other in four points, these 
points will lie on a circle. 

56. Three parabolas, whose axes are parallel, intersect ; 
prove that their chords of intersection pass through a single 
point. 

57. The area and base of a triangle being given, find the 
locus of the intersection of perpendiculars from the extremities 
of the base on the opposite sides. 

58. Find the locus of the centre of a circle inscribed in a 
sector of a given circle, one of the radii of the sector being 
fixed. 
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59. In the triangle ABO if tan A . tan -^r = £, and AB be 
fixed, find the locus of G. 

60. A is the origin, B a point on the axis of y, ^Q a line 
parallel to the axis of a;; in ^^, P is taken such that its ordi- 
nate is equal to BQ : find the locus of P, 

61. In the triangle ABC^ BC is given, and tan^ + tanC= h ; 
find the locus of A, 

^2, Find the locus of the centre of a circle which touches 
a given circle and given line. 

63. ST is the perpendicular from the focus of the tangent 
FT, find the locus of the centre of the circle circumscribing 
STF. 

64. Find the locus of the focus of a parabola, which has a 
given verti^x and touches a given line. 



8—2 



CHAPTER Vn. 



The Ellipse, 



C X 



94. A conic section is the locus of a point, the distance of 
which from a given point is always in a given ratio to its 
distance from a given straight line; if this ratio be less than 
unity the curve is called an ellipse. 

We proceed to find the equation to the ellipse. 

Let S be the focus, jf> 

OM the directrix, ^0 M 
perpendicular to OM] 
take OSy OM as the axes 
of X and y respectively : 
let P be any point on 
the curve, draw PN^ PM 
perpendicular to the axes, 
and join SP : let OS = c. 

Join SPy let OS ==€. 

Then SP = ePM= e.ON; 

.\ SN' ■¥ PN' = e\ ON* ; 

or (a; — c)' + y" = e'af ; 

or ( 1 - e") 05* - 2cx + y" + c' = 0, 

the equation required. 

Change the origin to a point on OS produced, such that 
OC = A, the directions of the axes being unaltered ; then in the 
equation to the ellipse referred to the new axes, we must write 

X + hfoTX} 
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.\ (l-e")(aj + A)*-2<5(aj + A)4-y' + c* = 0; 

or 

(l-O«' + 2{(l-e*)&-c}a?+y« + (l-e^c*-2cA + c"=0/ 

/• 
In this equation put h = _ , ; 

then (l-«')A»-2<* + c* = j-^(l-2 + l-e*) 



eV 



or 

■ ■ + ? _ 1 



(l-:-«^» 1-6* 

In this equation let 



c' 



= a', r^ = 6»; 



then the equation becomes 

95* Defikitioit. If there be a point such that all chords 
of a curve drawn through that point are bisected in it, that 
point is called the centre of the curve, and chords drawn 
through it are called diameters. 

The origin is the centre, and chords through the origin 
diameters. 

Let P be a point on the curve, of which the coordinates 
are a?, v, then since 
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( — oHy—y) is also & point on the curve, 
that is, if P" be the point in which PC 
produced cuts the curre, 

CM'=CM, PM'^PM', 
and /. CF^GP. 



96* To examine the form of the curre represented hj this 
equation. 

Since the equation only involves the squares of x and y, it 
will be unaltered if we substitute either —x^ov — j/, or both, 
for X and y. 

It is therefore symmetrical with respect to the axe^^of 
X and yy that is, the axes divide it into four equal and similar 
portions. 

Since the equation may be put into the form 




if a?* > a*, y is impossible; similarly, if / > 6*, aj is impossible; the 
curve has therefore no infinite branches and is entirely con- 
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tained in the rectangle whose sides ard the straight 'lines repre* 
sented by the equations 

4 

In the equation -^ + ^ = 1, 

as X increases from to ik a, y diminishes from »i=b to 0^ the 
curve must therefore be of the form represented in the figure, 
where CA=GA' = ^, CB^CF^h', 

AA\ BR are called the major and minor axes,' .'■,-- 

97. Since to every point P on one side of the axis of y 
there correspcmds a point P* at an equal distance on the other 
side; to the focus S and directrix LM there must correspond 
another focus S' aoid directrix L'M* at equal distances from (7. 

* 

98, I^t P be any point on the curve, draw MPM' per- 
pendicular to the directrices, join 8P^ S'P, 

Then SP = e.PM, S'P^e.PM'; 

v. SP + S'P=e.Zr. 
But SA=e. AL, SA'=e. A!L, kcAAL = All, 

,•• AA' = e.LL^ 
.% SP-\-S'P^AA'^2a, 

or the sum of the focal distances of any point is equal to the 
axis-major. 

Since S'P = e.PJf=e. ZiT, 

and LN^Cl^GN=- + x, 
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Similarlyi 



Now 






99. 5%« aiLxUiaiy circle. 
The equation to the ellipse 



may be put in the form 



a 6' 



y'=^.K-«0. 



Here .for any value of x we have two equal and opposite 
values of j^. 

Let AQjy be the circle described on the axis migor as 
diameter, then the equation to this circle is 




or 
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Let Cir=-x : divide Ql^in P so tliat PN=^^QN. 

a 

tliat is, P is a point on the ellipse. 

Hence if on the axis-major of an ellipse as diameter a circle 
be described, the ellipse will cut all its ordinates in the con- 
stant ratio 

This circle is called the auxiliaiy circle. 

4 

100. Since the equation to the ellipse is 

and since cos' ^ +sin' ^ » 1^ for all values of ^, 

.% if a:=etco8<^, y = 6siii^ • 

Let us consider the geometrical meaning of the angle ^ 

LetP be any point {x^y) on the ellipse, Q the corresponding 
point on the auxiliary circle, then 

also 'CN'=x] 

but ON ^ CQ COB QCI^= a COB QCI^, 

PiV=-, QN^^aBinQCN^bmiQCNi 
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therefore if P be any point on an ellipse, and QCy=^ ^ tbe 
coordinates of P are 

QCy is called ilie exeerUrie angle. 

Many problems on the ellipse may be easily solved by nsiDg 
coordinates in terms of the excentric angle. ... 

1(KL Po^ eqiuUion to the ellipse. 

We have already found the equation to a conic section 
when the focus is pole to be 

. I 



r= 



1 — ecoaO* 



Let us find the equation to the ellipse when the centre is 
pole. 

In the equation -5+^ = 1 

write r cos 0^ r sin for x and y respectivelyi 

'. -/cos'g 8in*g\ 

•'• ^ "ft'cos'tf + a'sin*^' 
but i« = a«(i-e^, 



.-. r» = 



a*(l-e«) 



(l-6«)C08«tf+8in«^ 



"l-e*cos*tf' 
In this equation when = 0, r^a, and as increases 
from to g, r diminishes from a to 6. 
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Therefore the radius vector of an ellipse always lies between 
a and 6. 

102. ^^ ^«^w* rechiTHj 21, =« — • 
Putting a; = 06 in the equation to the ellipse, 
e' + ^. = l, P=(l-e')6'=^; 

a 



Example IX 

1. If the yertez be origin the equation in Art. 94 becomes 

(l~e*)a* + y*=ecas. 

2. If the further extremity of the axis-major be origin, 
the same equation becomes - 

(l-e')«* + 3^* + 6ca;=0. 

3. If the focus be origin, the same equation becomes 

4. If the origin be transferred to any point {h, k\ the dir«ic- 
tion of the axes being unaltered^ the equation to the ellipse 
becomes 

""^^ ""■^^"' 

5. If the origin be the lower extremity of the axis minor^ 
the equation becomes 

g* (26-y)y 
o* 6* • 

6. If the point (A, k) be on the curve, the equation becomes 

a« 6« a' 6« " ■ « 
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7. Determine the excentricities and latent recta of the 
following ellipses : 

(i) «« + 2y* = 2; (u) 3aj« + V«12; ■ 

(iii) 2iB" + y* = lj (iv) aa^-{'I^ = ab; 

(v) (a-.6)a* + (a + 6)y« = a«-6S- 
(vi) 2ahaf + {a' + b')y'={a + h)\ 

8. Determine the distances between the foci in the ellipses 
in question 7. 

9. If S, S' be the foci, B the extremity of the axis minor, 
and SBS^ be a right angle, determine the excentricitj. 

10. If KSK' be the latus rectum, and KCK' be an equi- 
lateral triangle, determine the excentricity. 

11. Determine the excentric angle of the point {h, h), 

12. Determine the excentric angle when the abscissa is 
equal to the semi-ordinate. 

13. Determine the excentric angle for the extremity of 
the latus rectum. 

14. Prove that the equation to the chord of the points 
whose excentric angles are <^p <^, is 

?coB*±*i4-fsmljt'=co8(^.-^.). 

• * 

15. From Question 14 find the equation to the tangent at 
the point whose excentric angle is ^ 

16. The square on a diameter is an arithmetic mean 
between the squares on the axes; fiud its inclination to the 
axis major. 

17. A diameter is a geometric mean between the axes; 
find its inclination to the axis major* 
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18. The square on a diameter is a harmonic mean betweeu 
the squares on the axes ; find its inclination to the axis major, 

19. The axis minor is a geometric mean between the 
axis major and latus rectum. 

20. The length of a diameter, its inclination to the axis, 
and the excentricity are known ; determine the axes. 

21. The length of a diameter is known and its inclination 
to the axis minor, the length of which is also known ; deter* 
mine the ea^sia major. 

22. Determine the inclination and excentric angle of the 
semidiameter whose length is r — ^ — j , 

23. If the excentric angle of a diameter be <f>, its length is 

2 (a» cos^ 4> + b^ sin« <^)*. 

24. If {TjO^ {rj9^ be two points on an ellipse, 

25. The point (c, c) lies on the ellipse, determine c. 

26. The point Iz, mz, lies on the ellipse, determine z, 

27. The point a-Zjb-z, lies on the ellipse, determine z. 
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Tangent and Normal to an Ellipse. 

103, Let (aj^yj), {xj^^y be two points on the ellipse 

then •y-y.=^^ («'-«'.) 

is the equation to the secant passing through these points. 

But ^Ch-*:^!-^'^!^; 

. y«'-yi* _ a?i'-a?a' _y«--yi ^ g«-*-a?i 

The equation to the secant becomes therefore 

(y - yi) (y« + yi) . (a? - a^O (ag« + a?i) _ a 
__ ^ - _ ^^ 

6 a 

In this equation let Xt = Xi, y^ = yi , then the secant 
becomes the tangent and the equation becomes 

^ . yyi _^i\y±^^ 

The equation to the taogent at the point (xiyi) is therefore 

asBi . yyi _ 1 

a' 6 

104, Equation to the tangent in terms of the excentric 
angle. 

Since (a?iyi) is a point on the ellipse^ we may put 

a?| — acos^ii yi»&sin^i, 
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"where <^i is the excentric angle of the point {x^y^\ therefore 
the above equation to the tangent becomes 



X 



y 



- cos fh. +,r sin ^, = 1. 

105* Perpendicular on the tangent from the origin. 
By Art. 33, the perpendicular on the line 



a 



18 



V 



or 



tj:« 



a% 



IS 



Similarly the perpendicular in terms of the excentric angle 

ah h 



or 



(6" cos»<^ + a* sinV)* ' (1 - «" cos^)* * 

106. Let P be any point (aj^, y) on the ellipse, let NP be 
produced to meet the auxiliary circle in Q^ then the coordinate 

of Q are x^ y/, where yi^-ryv 




AS' C N S A. T 

Now the equation to the tangent to the ellipse at P is 

a" "^ 6« "~ ^' 
That to the tangent to the circle at Q is 
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In each of these equations put y =: 0. 

Then the lines represented bj them cut the axis of a; in the 

a* 
same point T^ such that CT= — • 



x^ 



Hence, if we wish to draw a tangent to an ellipse at any 
point Py draw the tangent QT to the auxiliary circle^ catting 
the axis in T, and join PT^ PT is the tangent required* 

107« 5\? Jlnd the perpendicida/r from the focus on the tanr> 
gent. 

Let the equation to the tangent be 

X cos <l> y sin <^ __ ^ 

+ r = X* 

a 

Then the perpendicular from (o^, 0) on this line is 

1 — e cos <^ 
cos"</> sin*<^Yi ' 



/co8r<t> sin <^V 



a{\-e cos 4) (1 - e')^ . ., , , 

or — ^ ^-^ — T — - , smce h = a'(l - e*). 

(1 - e» cos»<^)i ^ ' 

Similarly the perpendicular S'Z on TP from the other focus 
^ is 

a (1 + c cos </>) (1 - 6")^ 

(1 - e" cos^)* 

Hence S7. S'Z= a'(l - e») = b% 

or SY.S'Z^BC 

108, ^0 prove tlwbt T, Z lie on the auxiliary circle^ 

The equation to TP is 

X cos 4> y sm<f} - 
a 6 
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and that to ST is therefore 



x—ae 






b — ^ ha 

05 sin A ycos<i cte . , 

or — r-^-^ ^ = -=-sin^ 

b a b 

Square both sides of each of these equations and add, 

J /cos*<^ + sin'<^ e* sin'^X 
-"^' a' '^~~V~) 

since 6* = a' (1 - e'), 
,•, as" + y* = a*, that is, F lies on the auxiliary circle. 

109* To find the condition that the line 

xcoaO + ysinO =p 
may touch the ellipse 

or b 

We might proceed by finding the conditions that the given 
equation should coincide with that to the tangent at the point 
(ajjyi), arid then eliminate x^, y^ between the equations of condi- 
tion thus found and the equation to the ellipse; we will^ how* 
ever, find the condition that the line 

ajcostf + ysintf =^ 

shall meet the ellipse in two coincident points^ 
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Since xcos6 + y sin =jp, 

p-^x cos 6 

y = - — ^--fl — • 
^ Bin^ 

Substituting in the equation to the ellipse and multiplying 
by fan% we get 



or 



^/sin'fl cos*^ 2px . , p ^-V sin'g ^ 



Now if the roots of this equation are equal, the straight 
line must be a tangent; but if the equation 

As(f + Bx-hC=0 

have equal roots, we know from algebra that £^ = iMJ, 

Hence we must have 

/ cos'g p*^V sin'g /sin'g cos'tfN 

or p* = a"co8'tf + y sin'tf, 

and the equation to the straight line becomes 

a? cos tf + y sin tf = db (a* cos'tf + 6* sin*d)i 

In this equation it must be remembered that is no< the 
excentric angle of the point of contact, but the angle which the 
perpendicular from the origin makes with the axis of a:; 

110. Equation to the normal at (^i). 

Since the line passes through the point a^^i ^^ equation 
must be of the form 
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also^ sinoe it is |>erpendicu]ar to the Hne 






a 



4. t2Ll=o 

a ^ ,8 — V. 



The equation therefore beoomes 
^ ^1 ^ a^yi ^^ 






13X 



111. If weput aji=acos^, yi = 6oos<^, 
the equation 



becomes 



a 



y-68in^=:Ytan^(a;-aco8^)y 
or 005 sin ^ J - Jy cos ^ j = (a* - 6*) sin ^j cos ^j. 

112. In this equation put y = ; 

.•, a;= — - — cos<^j = a6^cos^j=6a;j. 




If therefore PG be the normal at P, cutting the axis at 

9—2 
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113. ^e tangent and normal al any point of an dlips6 
bisect tbe external and internal angles between the focal 
distances. 

We have SF = a — err, , 

SP' = a + ex^. 

Now SG^SG=GQ^ae''e\, 

S'G=:SC-^CG = aa + e\', 
.'. SG : SV :; SF : S'F-, 

.*. FG bisects the angle S'FS. 

If the normal bisecta the internal angle^ it is evident that 
the tangent must bisect the external angle between the same 
straight lines. 

114. By a proof precisely similar to that pf Arts. 58, 59, 
we can shew that when {x^y^) is a point without the ellipse, 
the equation 

represents the chord of contact of tangents through (x^y^). 

This equation represents the polar of (x^y^) wherever (a?,y,) 
may be; and it may be proved, as in the case of the circle and 
parabola, that the chords of contact of tangents drawn from 
any point on the line always pass through the point. 



V. , 
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Example X 

« 

Find thiB ^Uationa to tangents to tbe elli[>se ^ 

9 9 

« i'" 
which fulfil the followmg conditions, 

1. Make an angle 6 with, the axis of a; ; 

2. Cut off a given triangle between the axes j 

3. Are parallel to 

4. IVIiike equal angles with the axes ; - 

5. Are at a given distance from the point (A^ k)» 

6. Find the equation to the tcu^gent TFt, cutting the axes 
in T, t, respectively, when 

' -J 

7. Find the equation to the tangent TPt^ when the peri- 
meter of the triangle TPt is equal to 28, 

8. Fiiid the equation to the tangent, when the perpendi- 
culars from the foci are in a given ratio. 

.•X 

^ 9. Find the conditions that the lines . , 

and y = ?wa5 + c, , > 

should touch the ellipse* . T 

10. If TPt be a tangent, cutting the axis minor ati, and 
GTt = ft), find the point of contact, ' ^ 
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11. Find the equation to the tangent at the extremity of 
the latns rectum of the ellipse 

12. Find the equation to the tangent which is parallel to 
SB. 

13. The equation to the diameter drawn perpendicular to 
the tangent at {xjf^, is 

14. Prove that the locus of the point of intwsection of 
this line with the line x^x^j is the ellipise 

a a 

15. If hy hy be the intercepts on the axes of any tangent, 

16. Two tangents are such that the product of the tan« 
gents of the angles they make with the axis of a; is 9n, prove 
that they intersect on the curve 

17. Two tangents intersect at right angles, prove that 
their point of intersection lies on the circle 

18. If PG be the normal at P, cutting the axis at (?, 
and CJTbe perpendicular to it, determine PG^ and CK in terms 
of ^, the excentric angle of P. , 

19. If the normal cut the curve again at Q, find PQ. 

2D. Find the equations to the normals which pass through 
the points c, ; 0, c; A, ^; re^)ectively. 
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21. If Pff be the normal at P, then 

22. If PQ cut the minor axis in g, find Og. 

23. Q is a point on the tangent at the extremity of the 
axis minor, QP the tai^gp^t at P; if BQ == J^ then 

PQ = BP. 

24. Pi?, QR are two normals at P, Q, cutting at right 
jttgles in R, CRH is a semi-diameter ; prove that the tangent 
at ZT is parallel to PQ, 

25. If r be a radius GP of an ellipse and p the perpendi- 
cular on the tangent at P, then 

26. If 0, ^, be the angles made with the axis by the 
radius vector, and normal at any point of au ellipse, ^ the ex- 
centric angle at that point, 

tan tan ^ = tan' ^, 



DuM£TI:ES. CONJUQATiS DiAMETEitS. 

115. To find the locus of the middle points of the chords of 
an ellipse which are pa/raMd to afiaced straight line. 

Some tangent to the ellipse must be parallel to the fixed 
straight line, and therefore the chords must be parallel to that 
tangent. 
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Let ^*^=l 

or o' 

be the equation to the tangeni : 

then, ^ + yyi = A 
or tr 

will be (he equation to any chord. 

To find where this chord cuts the ellipse : 






a' a 



if therefore x\ y\ be the coordinates of the middle point of thia 
chord, a/ is equal to half the sum of the roots of this equation, 

or x=kx^* 

Similarly, y' = ^i • 

and therefor. ^^l; 

that is, (x'f y') is a point on the diameter through (a;,, y,). 

The diameter parallel to the bisected chords is said to be 
conjugate to that bisecting them. 

Its equation is evidently 



DIAMETEBS. CONJUGATE DIAMETEBS. 

116, Putting a;j = acos<^j, y = 5sin<^j, 

the equation to the original diameter becomes 

y X 

& sin ^j^ a cos ^^ 

to the conjugate diameter 

«co« ^j ^ ysin<^^ ^ ^ 
a ' b 
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Let GP be a diameter, CF' its Conjugate ; then the equa- 
tion to CP may be written 



where <I> = QGA. 



a; sin ^ y cos <^ _ /% 



a 




Now the equation 



a; cos ^ y sin ^ _ ^ 



a 
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to GPy may be written 

oj sin ^<^ + y COB ^<^ + I) 

a 

The diameter conjugate to that whose excentricr angle is ^ 
is therefore that diameter whose excentric angle is 

Let us now find the diameter conjugate to CP*. 

Its equation must be 

agsin(<^ + ff) y sin («^ + ir) _ ^ 
a 6 """"' 

or xsin<l> yoos<^ ^Q^ 

a b 

But this is the equation to CP: if iibefefbre CP' is conjugate 
to CP, CP is conjugiube to<7F, 

117, We might prove the property thus : the line 

0? cos ^ y sin <^ _ ^ 
— -t- — _ y J 

a 

intersects the ellipse in the points 

— asin^, 5cos^; asin^, — 5cos^. 

The equation to the tangent at the former of these points is 



a; sin ^ y cos ^ _ •• 
a 



which is parallel to 



aj sin <^ y cos <^ ^ 
— + — - — =u, 

a Q 

CP therefore bisects Wl chords jMirallel to CP. 
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118. If 0, ffy be the angles PGA, PC A, respectively ; ^, ^ 
the excentric angles QPA, QGA» 

tan d = - tan ^ : tan & = " tan 6', 

But ©'a^rrl + i^Ci, 

,•. tan^^ tan<^'s— ly 

19 

,•. tan tan 0^= — s, 

a 

119. If the coordinates of the extremity of a diameter be 
x^yi , those of the other extremity must be — oj^ — yj. 

The equation to the tangent at this extremity is therefore 
which is parallel to the tapgent 

a "*" ra "~ •*■• 

a 

120. Let a', 6', be the lengths of the conjugate semi- 
diameters CF, CPy ^ the angle QGA, 

Then a" = 01^= a* cos' <^ + 5»«6in« 4>, 

Also 6'»=Ci^=Ci^'« + P'i^'" = a«smV + *"cos*<^; 

or the sum of the squares of the semi-diameters is constant, 

121. ^%« CMfed of ^ ptxrcdMogrami circimiscribing the 
ellipse whose aides are parcUlel to, conjugate diameters is con- 
stant 
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Let T^T^T^T^ be such a parallelogram, FCP^ DGIf conju- 
gate diameters \ draw the normal FK^ 




Let <^ be the excentric angle of P. Then the parallelogranf 



T^T^T^T^ = 4 PGDT^ = iCD . FK. 



But 



(AH. 105), 



CD = (a* sin* <^'+ V cos* <^)i j 

FK^- ^ — , 

(a»sin'«^ + 6^cos»«^)^ 

.% GD.FK=ahy 
therefore the parallelogram required = 4a&. 



122* If a be the angle betweentwo conjugate diameters 
whose lengths are a\ h\ respectively, since the parallelogram 
contained by them is equal to dV sin a, we have 

ah 



mAMETJSBa CONJCQATE PUHETERS. 



tn 



123. To find the eqtuaion to the dlipae referred to a pair of 
conjugcUe diameters as axes. 




C N 



Let CFy CD he the ^ew axes,. 6, ff the angles they respec- 
tively make with :the axis of a?. 

Let F" be any point on the ellipse ; {x, y), (a/, y") its coordi- 
nates referred to the old and new axes respectively. 

Draw VB parallel to CA, then 

x^GJ^ = CM -BV= or cos PGA + rVoosDCA 



similarly. 



sra/cos tf + ^cos^; 
y = a/ sin d + y' sin ^. 



Substitute in the equation to the -ellipse; thus 
(a/ cos g + 3/ cosy)' (g'sing + y siny)V 



or 



,a /cos' sin* 6\ g, , J /cos Oco&ff sin 6 sin ff\ 






^-1 



Now the polar equation to the ellipse is 



r" = 



ycoa*tf + a*iaii*0 



>/)> 
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1 OO6'0 mn*0 

cos* 9 sin'g 11^ 



• • 



Also tan 6 tan 0^ = — ,, since the diameters are conjugate; 

cos cos d' sin sin ff _^ 
•*• a' "*" F ' 

therefore the above equation becomes 

a" b"' 

Hence we see that, whateyer be the angle between the axes, 
the equation 

represents an ellipse referred to two conjugate diameters whose 
lengths are 2a and 2b. 



124« Since in Art. 103, no mention was made of the axes 
being rectangular, the equation 

a'* b'-^' 

to the tangent at the point (e, y,), will hold good generally 
provided the ellipse be refnred to two ooi\jngate diameter^. 
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125* Supplemental chords. 

Let FCF" be any diameter of an ellipse, Q any point on the 
Gurve: join QPy QP^', these are called supplemental chords. 




The diameters parallel to a pair of supplemental chords are 
conjugate. 

Bisect QP, QP, in R, E\ respectively; join GR.GR. 
Then we know that OR bisects all chords parallel to PQ^ and 
CK all chords parallel to P^Q. 

But QR=\qP,PC=\pP, 

therefore GR is parallel to P'Q, 

Similarly GR is parallel to PQ^ 
therefore GR^ GR^ are conjugate diameters. 

126. Hence if we wish to draw two conjugate diameters 
of an ellipse containing a given angle; take any diameter of the 
ellipse and on it describe a segment of a circle containing the 
required angle, let this segment cut the ellipse in Q^ then the 
diameters parallel to PQy P^Q are conjugate, and contain the 
required angle. 
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Example XL 

1. Write down the equations to the diameters respectiyelj 
conjugate to the following lines, 

y = x) aj + y = 0, aai = hy*, ay-hx) ycoB6 = xem0; 

a 

2. The lengths of the equal conjugate diameters are 2(a' + Vy 
and their excentric angles t > -j > respectively. 

3. The length of a semidiameter is c, find its excentric 
angle, and the equation to its conjugate. 

4. If the tangent at the vertex A cut any two conjugate 
diameters in T, t, then AT , At = b\ 

5. The length of a semidiameter is — ^r- , find the equation 
to its conjugate. 

'6. If a be the angle between two conjugate diameters, 
which make angles 9, ^, with the axis major, 

cos a = 6^ cos 6 cos ff, 

7. The angle between the equal conj ugate diameters being ^ , 

t> 

shew that the excentricity is ^^ . 

8. The equation to an ellipse being 205" + 3^ = 4, the 
diameters 

y = 2a;, a + 3y = 0, 
i£re conjugate. 
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9. If CPf CD be conjugate, and ordinates through P, i>, 
meet another ellipse described on the same axis major, in Q, Ey 
respectivelyi CQ^ CE are conjugate diameters of the second 
ellipse. 

10. The locus of the middle points of chords joining the 
extremities of copijugate diameters is — , + ^j = ^ , 

11. If a\ b\ be the lengths of CP, CD, and the angles 
FCAf DCB be a, ^, respectivelf, then 

a^,5^» _ cos(a4-i8) 
a* — 5' ~ cos (a — )3)* 

12. S\&2i focus, CPy CD conjugate diameters; the distance 
of P from the diameter which is parallel to SD is equal to h. 

1 3. If SP intersect CD in Q, then P^ = a. 

14. If a', V be the lengths of CP, CD, aad 0^, 6^ the 
angles they make with the axis of x, then 

a»sin2tf, + 5'«sin2d, = 0, 

15. The normals atP audi) meet the major axis in G, ffj 
respectively, prove that PG^ + DG'^ = "i («' + &*). 

16. If T be a point (Jiy k) on the tangent at P, I the length 
of 2T, and 25' of the diameter conjugate to CP, 



^S^-'Y' 



17. Tangents to an ellipse are drawn of lengths equal to n 
times the conjugate semidiameters at their extremities, prove 
that the locus of their other extremities is the ellipse 

a, V 
V. G. V^ 
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18. If a\ h\ be the lengths of two semidiameters at right 
angles to each other, 

i- ^ -i i 

' 19; If be the angle which these diameters make respec- 
tively with the major and minor axes. 



cos 25 = 



1 


1 


6" 


a" 


1 


1 


V 


a' 



20. If the ellipse be referred to these diameters as axes of 
coordinates, its equation will become 

21. If 2c be the length of the equal conjugate semidiameters, 
the equation 

05* + y' = c' 

represents the ellipse referred to these as axes, 

22. If a be the acute angle between the axes of coordinates, 
the semiaxes of the ellipse, x^-\-y^ = c\ are 

2c cos ^ , and 2c sin ^ . 

23. If e be the excentricity of the same ellipse, 

_ / 2 cos a \* 
" \1 + cos a/ 

24. The equation to the auxiliary circle is 

a?" + y* + 2 (aw/ — c*) cos a = 2cl 



CHAPTi;R -^^III. 

-V. ' . 

The Hyperbola. 

127, We have already discussed the nature of the curves 
traced out by a point whose distance from the focus is equal to 
its distance from the directrix, or less than that distance in a 
given ratio : we will now consider the nature of the curve 
when the distance "from the focus is greater than the distance 
from the directrix, and in a given ratio to it, , 

This curve is called a hyperbola. 

128» ^0 find the equcdion to the hyperbola. 

Take the same'axes as in Art. 94. 

Since in that Article w;e did not introduce the condiiion 
that e < 1, the same equation 

will represent this curve ; or since e > 1 we may now write it 

Again, as in Art. 94, put a; + A for «?. 
Then as before, 

10—2 
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Let A= a*" , . 

6 - 1 

Then (6«-l)A" + 2<A-c»=-j^ {l-2-(e«-l)} 



And the equation becomes 



or — ^ra -TTF- = 1. 



»? 



(e«_l)« «•_! 
In this equation if -we pat 



we obtain 



"^ 7« — At 

a 



Here e'-l=-^, or e* = — f— , 

129« Since the equation to the hyperbola may be derived 
from that to the ellipse by changing V into - V, if we -write 
— 6* for 6* in any equation or ezpreosion which represents a 
line or property of the ellipse^ we shall obtain the equation or 
expression for the corresponding line or property of the 
hyperbola. 

130. To examine the form of the hyperbola 
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Since this equation only involves the squares of x and y we 
may prove as in Art 95 that the origin is the centre and every 
chord through the origin a diameter of the curva 

131. The equation to the curve may be written 






a* 



Here for every value of y there correspond two values of x 
equal but of opposite signs, but if a; < ib a, y is impossible ; 
X and y may both increase without limit. 

Hence the curve extends infinitely on both sides of the 
axes, and no part of it is included between the lines x = a, 
x = -a. 




Take G the centre as origin, CX, CY the axes, make CAy 
CA each equal to a, CB^ OB' to 6, then the curve passes through 

AA' is called the transverse axis^ BB' the conjugate axis. 
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Let ^=: as tan be the equation to any diameter, then, sub- 
stituting in the equation to the curvey 

.. 1 tan'O . . B 
.', if -i< ,, 4 or tan^>«fc-, 
or o^ a 

■ 

X is impossible. 

Through A draw ZAL' perpendicular to (74, and through 
*, jr, BL, BL' parallel to GA ; join (7Z, CZ' and produce- 
these lines both ways to any distance, then 

tanZ(7^ = -, 
a 

therefore the curve lies wholly between the lines ZC, L'C* 

Since for every point P there is another point P' such that 
CF' = CF the curve must have two branches, passing through 
the points A^ A' respectively, and be of the form represented in 
the figure, 

132. Asymptotes. Definition. 

Lines are said to be asymptotes to a curve, when the curve 
continually approaches them, but never actually reaches them, 
though its distance from them may be made less than any 
assignable distance. 

133. The equations to the lines GL, GL\ the diagonals of 
the rectangle whose sides are lines drawn through the extre- 
mities of the axes perpendicular to them, are 

h 
^ a 

or?5 = -5. 



V a; 
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The equation to the hyperbola is 




Now let P be a point on the hyperbola; let CIf=x^; let 
JfP produced both ways cut CZ, CL' produced ia. Q,q; let 
PN=y„QN=y^. 



Then 



V~ a*' b'~ a' '. 

2 S 

. ^8 ""^1 -I or v*-«/*-fi'' 



therefore y,* is always less than y^, that 'is to say, the hyperbola 
never cuts the lines CL, CL\ 



Also 



y^-Vx^ {y, + yd (y^-yi) = ^'* 



Now as ajj increases without limit, y, and y^ also increase 
without limit, and therefore y^ + y^ increases without limitt 

But (y,+yi){y,''yi)=^b% 

therefore y^ — y^ diminishes without limit. 
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Hence the distance PQ diminishes without limit, hence CL 
is an asymptote. 

Similarly CL' is an asymptote. 

134. PoUnr eqwxtion. Centre pole. 
In the equation to the hyperbola 

a' b* ~ ^' 
put a!=rcosff, y = rsintf, 

. /cos* sin* 0\ , 
then f^i^—, gr-; = l, 

fc*cos«fl-a«sin«e""6*cos*e-r 

Here for every value of 6 we have two equal and opposite 
values of r. Also the values of r for — tf are the same as for 6; 
r is least when 6' cos' tf - a* sin* ^ is greatest; that is, when 
^ = ; hence the least diameter is the transverse axis. 

As increases r increases, until 

tan*tf=-,, 
when it becomes infinite. This gives the asymptotes. 

If tan" tf > —> T is impossible, that is, no diameter beyond 
the asymptotes meets the curve. 

135. When the focus is pole, we know that the equation 
to any conic section is 

I 
. ""1-ecosd* 
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It is neefnl however to trace the hyperbola from this equa- 
tion. 

First let 9 = 0, then since e is greater than 1, 1'— e cos is 
motive, and therefore r negative. 

Also since cos 6 dimiuiahes Then 6 increases, ~ diminishes 

wumerically as 6 increasea and r increases, and the cnrve is 
therefore convex to the pola Hence we must begin with the 
further biimch. 




Produce §5 to A BO that SP^ = - ^^^ ■ _^ ; 
then P| is a point on the hyperbola. 



Let $ increase till cosd = 
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then cos 6 decreases, and 

increases from — , — rr to oo • 



6Costf- 1 (^-1) 

Hence we get the branch AP^ up to the asymptote. 

Next let fl>cos'"* - <::. 

Then, 1 — e cos is positive, and r diminishes from oo to ^, 
and we get the nearer branch F^B from the asymptote to the . 
extremity of the latus rectum. 

Next, let 6 lie between ^ and -jr- , then cos 6 is negative^ and 

1—6 cos positive and greater than 1 ; therefore r is positive^ 
and less than L 

Hence we get the branch KF^K\ 

Next, let tf > "rt- , cos fl is positive, and 1 - e cos fl negative, 

until cos = - ; so we get the branch ffP^ up to the other 
asymptote. 

Lastly, let increase up to 27r, then cos ^ > - j 

6 

therefore 1 — e cos fl is negative, and r decreases from — oo to 

the original value — ~ r-. , and we get the branch P^A', from 

the asymptote to A\ 

We see that whenever 6cosd>l, and therefore ercosd 
greater than r, r must be negative, since 

r-ercosfl = ?; 
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r therefore must be the radius vector of some point on the 
other side of the directrix. 

In the ellipse and parabola since e is not greater that 1, 
1 — e cos Q is positive, and therefore t positive. Hence we see 
that the curve lies wholly on one side of the directrix. 

136, Conjugate hyperbola. 

We have seen that diameters which make an angle with 

the transverse axis greater than tan"* -, do not meet the hyper- 
bola in real points; they however will meet the curve denoted 
by the equation 

V a'" ' 

It is evident that this curve is a hyperbola in which the 
axis of y meets the curve in real points. 

Comparing this equation with 

.a' V" ' 

we see that if we interchange x and y^ a and h, properties of 
the ordinates of one curve become those of the abscissae of the 
other. 



Hence the equation 






represents a hyperbola, having the same axes as the original 
hyperbola, the transverse axis of the original hyperbola being 
the conjugate of this, and vice versA, 

The asymptotes of this hyperbola will be 

— — "s. V- • 

.a 6 



156 



ANALYTICAL GEOMETRT, 



That is the two hyperbohis have the same asymptotes. 




This is geometrically evident from the fact that the rect- 
angle of which the aetymptotes are diagonals, and the sides 
perpendiculars to the axes at their extremities is the same for 
both. 

The polar equation to this hyperbola is evidently 






flj;9 



a^h 



a»8in'fl-6'cos«fl' 



We may observe that properties of the conjugate hyperbola 

may be obtained from the ellipse -« + ^ = 1, by writing — o* for 

a\ In the figure the dotted line represents the conjugate 
hyperbola. 

137. In the ellipse, we put 

x^a cos ^9 y = 5 sin ^ 
4> being the excentric angle at the point. 
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To obtain the corresponding property of the hyperbola, we 
should have to write - 6* for 6*, and therefore 6 J— 1 for 6. 

Thus tan ^ = ^ — ^— 1, which is impossible, hence there is 

no angle in the hyperbola which corresponds to the ezcentric 
angle in the ellipse. 

UoweTer, since sec' ^ — tan' ^ = 1, if in the hyperbola 

a; = a sec ^, y = 6 tan ^. 

The geometrical angle which corresponds to ^ may be thus 
determined 

On AA' as diameter describe a circle. 

Let P be any point on the hyperbola, FN" its ordinate, 
draw NQ touchiDg the circle. 




Then CI^ = GQ sec QGA = a sec QCA, 
thereforeif we call §(7-4, ^ a; = asec^, y=6tan^ 
Since $i\r=atan<^, 
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The circle described on the traDsyerse axis as diameter is 
sometimes called the auxiliaiy drde^ and the angle ^ the 
excentric angle. 

138. Since the axes divide the cnrve into two eqnal and 
similar branches, to the focus S another focus S' must corre- 
spond, and to the directrix LX another directrix Z'JT. 

The hyperbola may be described from either focus with the 
corresponding directrix. 

139. -Let P be any point on the curve, draw PXX' per- 
pendicular to the directrices, PiV perpendicular to SiS*, and join 
JSP.S'P. 



Then 



SP^e.PX^e.LN, 
SP=e.PX^e.L'N, 
.\S'P-^SP^e.L'L. 




S'A' U 



li A S U 



Hence in the hyperbola the difference of the focal distances 
of any point is constant* 

When P coincides witb A.S'A^SA^ AA\ 

.\S'P-SP = AA'; 

That is the difference of the focal distances of any' point is 
equal to the transverse aKis. 
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Hence GL = — = - . 

Now SAtste, ALj 

.% SA^GA = e{AL •\-CL)^e,a. 

140. To express the focal distances of any point in term^ 
of the abscissa of that point. 

We have SP = e LN^ e{CN-- GL) = e {^-f\ > 

.\SP = ex-a, 
Similarly, S^P = ex + a. 



Tangent, Normal, Diameters, &c. 

141, In Articles 94, 96, 101, 103, 105, 106, 109, 110, 114, 
115, 118, 119, 123, 124, write -6* for h' throughout, then since 
the proof is in no manner affected by this substitution, the 
propositions are trtie for the hyperbola. 

142. Hence the equation to the tangent at a point x^ y^ of 
a hyperbola, is 

By the ordinary rules the perpendiculars from the origin on 
this line is 

1 aV 

or 



&"^I0*- 



(6V+»V.')* * 
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143, The condition (Art 109) that the line 

should touch the hyperbola is 

^ = (a'coH«tf-6"8in«fl)* 

If we transform this equation bj patting $^ff -Qf 9 be- 
comes the angle which the tangent makes with the axis of 7^ 
and the equation becomes 

y cos tf-asin fl + (a»8in"tf-6"oofi*fl)*=0. 

Hence if tan'0 < -^ « the line becomes impossible. 

Hence every tangent makes an an^e with the axia of z 
greater than the angle made by the asymptotes. 

Also if y = Oy a; is positive. 

Hence every tangent cuts the axis at a point between the 
origin and the corresponding vertex. 

144. Similarly, by putting — cf for a' in the corresponding 
equation in the ellipse, we get the tangent to the conjugate 
hyperbola which makes an angle ff with the axis : its equation 
is therefore 

« = y tan e' - (6»tanV - a")*. 

Now put tan 0^ = cot then 9 is the angle it makes with 
the axis, and the equation becomes 

y = ojtan Q + (6" - a'tan'tf)*, 

here tan*ff<-T 

a 

146. Again, in Art 110, write - 6' for V. 

Then the equation to the normal at the point (x^ y^ is 

or ijfy^x + Vxy = if? + V) a?, y,. 
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146. Let PG be the normal at P, FT the tangent, put 
y = in the above equation, 

as in the ellipse; 




S' CT AS Gr 

♦ \ S'G = ae + c*ajj, SG = e'x^ — a«, 
.-. SG : STG :: SP : S'P, 
and PG bisects the angle between SP and S'P produced. 

Hence the tangent PT bisects the angle between the focal 
distances. 

147. As in the ellipse, changing 6* into -6', the dia- 
meter conjugate to 

y, «, a 6" 

This diameter does not meet the hyperbola at all, but 

it meets the conjugate hyperbola in points ^ rt/ii ^-x^. 

Now the tangent to the hyperbola 

at the point -, y^, - a?, is 

yx^ - g?.V, _ ., . 

ab ~ ' 

y X 
and is .'. parallel to the diameter — = — . 

V. G. It 
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Hence if CP is conjugate to CD, CD is conjugate to GP, 

148. Let $, ff, be the angles made by two conjugate 
diameters with the axis of x. 



Then 



tan 6 



X. 



, tan ^ = -- . -^ , 



IS 

.'. tan^ tan6' = -;« 

or 



149. Equation referred to the asymptotes as aoceSm 




Let P be any point on the hyperbola, x, y its coordinates 
referred to the old, a;', y' to the new axes. 



Let 

then 



TGA^X'GA^o., 



tan a = - . 
a 
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Now since x'=GM^KM, y' = PM, 

... a;=air=Cir + ir'^=((7Jf+PiOcosa = (a;' + y')cos«, 
y = PiV=s PAT sin a = (jy-x') sin ou 

But a--r'=^'' 

. <-^±^cos«a.f^^ 

Also cos*a = -5 — r-, , sin* a = -^ --• t 

a* + 6" a* + ft* ' 

.-, (a:' + y')* - («' - y')* = o* + 6*, 

or 4«y = a* + ft*, 

the equation required, 

150, ^0 interpret Ods equation geometrically. 

Draw PM' parallel to GX\ then the area of the parallelogram 

n^r-D-xf* ' • a +ft* . aft 

CMPM =xy sm CD « — j — sin w = — , 

« . 2aft 

smoe sm cd = 2 sin a cos a = 



. a*+ft** 

Hence if from any point on a hyperbola, straight lines be 
di-awn parallel to the asymptotes, the area of the parallelogram 
thus formed is invariable. 

151. The equation to the conjugate hyperbola is evidently 

a* + ft* 
«y= ^, 

Hiiice either x or y is necessarily negative, and the axes are 
the same as those ol the original hyperbola. 

11—2 
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152. Let P be a point on the hyperbola; draw PMP* 
|>arallel to GX, cutting the cou jugate hyperbola in F"^ 




then 



PM=tiZ=^rM; 



iCM 
therefore FF' is bisected in M. 



153. EqvMion to the tangent^ the asymptotes being axes, 
^* (^1 yJ* (*2 ^a) ^ ^^^ points on the hyperbola, 



« . 7.« 



then 



y,= 



a' + b 



« . 3Lt 



; y«= 



a*+6 



4a:, ' ^» 



4a;, 



a* + 6 / 1 1 \ a" + 6" a?, - ar^ 

4 x^x^ ' 



a' + b' /I l\ 



* * -^ -^ 4a;.a?^ ' 



x^-x^ 
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.". the equation to the chord through (Xgf/^\ (^«ya)f 

Now let «i = «• and write — for av 

Then the equation to the tangent becomes 
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or 







154. Let P be the point {x^ y^. 

Let T'Pr' be the tangent at P ; then, putting y,, «, succes- 
sively equal to zero in the above equation. 
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CT=2CM=2x,, 

therefore TP=^TP\ or the part of the tangent intercepted 
between the asymptotes is bisected at the point of contact. 

155, The equation to the diameter conjugate to CP is 

— + — = 0, 

since it is parallel to the tangent at P, 

Now this cuts the conjugate hyperbola 

4a:y4- a*4-6*=0, 
in points ± a?i t yj. 

Hence, if BCD' be this conjugate diameter, PZ>, PI/ are 
bisected by the asymptotes. 

156, The tangent to 

at the point — x^ yi is 

+ — = 2. 



-a^, yi 

Tangents at the extremities of conjugate diameters there- 
fore meet on the asymptotes, which are therefore the diagonals 
of the parallelograms so formed. 

Hence the asymptotes may be considered themselTes as 
conjugate diameters, since each bisects chords parallel to the 
other* 
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157, ReUangvlar Hyperbola, 
In the equation to the hyperbola let 6 = a. 
Then the equation becomes 

In this hyperbola the asymptotes are evidently at right 
angles, hence it is called the rectangular hyperbola. 

Example XII. 

1. If e„ 6j, be the excentricities of a hyperbola and its con- 
jugate respectively, 

1 i-i 

2. The equation to the directrix is eo; = a. 

3. The circle described on the transverse axis as diameter 
cuts the directrices at the points where they intersect as the 
asymptotes. 

4. The perpendiculars from the foci on the asymptotes 
intersect them in the directrices. 

5. The lengths of these perpendiculars are equal to the 
conjugate semi-axis. 

6. PP' is a double ordinate of the ellipse 

A^A,' are the extremities of the axis major, if AP, A'P' meet 
in Q, Q lies on.the hyperbola 

a 7g — 1. 

a 
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7. A circle passes through a fixed point, and cuts a given 
]ine at a given angle, shew that the locus of its centre is a 
hyperbola. 

8. The locus of the centre of a circle, which touches two 
circles externally, is a hyperbola. 

9. The locus of the centre of a circle, which touches one 
circle externally, and another internally, is a hyperbola. 

10. If S, II, be the foci, P any point on the hyperbola, 
the locus of the centre of the circle inscribed in SPH is the 
tangent at the vertex. 

11. If the circle touch SP, IIP produced, and the axis of x, 
the locus of the centre is another hyperbola. 



12. The straight line Ax + Pi/ + C = will touch the 

s s 

hyperbola -^ — "^ = 1, 

if il V - B'b^ =C\ 

13. An ellipse and hyperbola have the same foci and con- 
jugate axis, if a, 6, be the semi-axes of the ellipse, a\ h of the 
hyperbola, a'^ = a? — 26*. 

14. In q. 13, if Cj, e,, be the excentricities of the ellipse^ 
and hyperbola respectively, -^ + — , = 2. 

1 5. In q. 1 3, if <f>^, <^2, be the excentric angles with refer- 
ence to the ellipse and hyperbola respectively at the point of 
intersection, 

8m^ = tan.^.= (^^,-^^,j . 
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' 16. Prove that these curves cut one another at right 
angles. 

17. The equation to a hyperbola which has the axes as 
asymptotes and passes through the point (A, Tc)\&ocy = hk. 

18. The straight line 

^x + % + (7 = 
will touch the hyperbola xy = c', if C* = iABc*, 

19. If two tangents be drawn to a hyperbola, and the 
points in which they intersect the asymptotes be joined, the 
joining lines will be parallel to one another. 

20. The equation to the diameter conjugate to 

the hyperbola being referred to its asymptotes. 

21. If the abscissae of any number of points in a hyperbola, 
referred to its asymptotes, be in A. p. the ordinates will be in 
H. p. 

22. If on any chord as diagonal be constmcted a parallelo- 
gram, the sides of which are parallel to the asymptotes, the 
other diagonal will pass through the centre. 

23. If two hyperbolas have common asymptotes, any 
chord of the one touching the other will be bisected at the 
point of contact. 

24. Tangents are drawn to a hyperbola, and the portions 
intercepted by the asymptotes are divided in a constant ratio ; 
prove that the locus of the points of section is a hyperbola. 
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25. The coordinates of the vertex of the hyperbola xy = c', 
ai*e c, Cy and of the focus c sec a, c sec a, where 2a is the angle 
between the asymptotes. 

26. If 2a be the angle between the asymptotes of the 
hyperbola xy = c*, the excentricity is sec a. 

27. The equation to the directrix of the same hyperbola is 

x + y= 2c cos a. 

26. The equation to the normal at the point x^, y^ la 
x^ix + y cos o> — aji) = yi (y + a? cos <i> — y^, 

29. If Ay S, be the vertex and focus of a hyperbola, and 
the tangent at Ay and the directrix intei'sect an asymptote in 
By By respectively, then aS'^ is parallel to AH, 

30. F is the point (aj^ y^) on the hyperbola icy = c', if CJP 
cut the ellipse 

in Q, then the tangent to the ellipse at Q is pai'allel to that to 
the hyperbola at F, 

N.B. A very large number of the examples on the ellipse 
apply equally, or with the change of sign of ft*, to the hyper- 
bola; those do not apply in which the first power of 6 occurs. 
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Example XIIL 
RectaThgvlar Hyperholct, 

1. A diameter is equal to its conj agate. 

2. The excentricity is J2, 

3. If the perpendicular from the focus meet an asymptote 
inR,SR = AC. 

4. The distance of any point from the centre is a geometric 
mean between its focal distances. 

5. If PN be the ordinate at P, and NQ touch the auxiliary 
circle at Q, then FN=^ QN. 

6. If P(r, the normal at P, cut the axis in G^ then 
PG^CF. 

7. If the tangent at P cut the asymptotes in 1\ t, respect- 
ively, then Tt = 2CP. 

8. If TG, tG, be joined, the angle TGt is a right angle. 

9. The equation referred to the asymptotes is 2xy = a', the 
coordinates being rectangular. 

10. If from any point on the curve straight lines be drawn 
to the extremities of any diameter, these make equal angles 
with the asymptotes. 

1 1. The equation referred to polar coordinates^ the centre 
being pole, is r* = a* sec 20. 

12. The equation to the normal at (x^, y^ when the 
asymptotes are axes is the same as that to the tangent at 
(a^ ^i) when the axes of the curve are axes of coordinates. 
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> 

1 3. If tbe prodnct of the tangents of the inclination to 
the axis of a; of a pair of tangents to the rectangular hyperbola 
xy = c^ he ky they will ii^tersect on the diameter y = ibx. 

14. If a right-angled triangle be inscribed in a rectangnlar 
hyperbola, the perpendicular from the right angle on the 
hypothenuse is a tuigent to the curve. 

15. If the axes be inclined at an angle to the axes of the 
curve the equation to the rectangular hj^perbola is 

(a!* -y^cos 2tf - 2ay sin 2tf = a*. 



CHAPTER IX. 



General Peopebties of Conic Sections. 



158. Wb hsLve already (Art. 72) seen that the polar 
equation to a conic section is 

- = 1 - e cos tf , 

r 

we will now find the equation to the tangent at the point 
{r„ 0,). 

First, let us find the equation to the secant passing through 
the two points (r^, 6^), (r,, $^. 

It is evidently 

9* sin S — T sin 

r sin 6 - r. sin tf , = -? -* ? -i (r cos tf - r, cos OX 

* * r^ cos 0^ -r^coaO^ * *' 

Now rj(l-ecostfj) = r,(l-eoostf^ = /j 

.*. r, sin tf , - r^ sin tf J 



= 1 ^ — ^{(l-ecostf,)sintf -(l-ecoetfjsintfj 

X — e cos 6^ 1/ a \ 8^ II 



^ — L. {8iiitf,-8infl,-e8m(tf,-tf,)} 
1 — e cos 6*, • • ' \ « i/j 



2r.8ia^ 



l-eco8^, \ 2 2 / 
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Similarly, r^ cos 0^ — r^ cos tf^ 

T 

= , — z- {(1 - « COS ^i) COS tf, - (1 - e cos 6^ cos tf,} 

2ri sin * ^ sin ' ' 

= 1 — ^ (co» ^,- cos ^i) = - — -— . 

1 - e cos ^j "^ ■ ' 1 - e cos ^^ 

Hence the equation to the secant becomes 

0,-e, e^ + e, 

e cos - ^ cos -^ — 

rsintf-risin 6^= B H ** (^ cos tf - r^ cos tf i). 

Now, when the secant becomes the tangent, tf,= tfi, there- 
fore putting 0^ = $1 in this equation, multiplying by sin 0^ , and 
simplifying, we obtain 

r cos (0 — ^i) - r^ = c (r cos — r^ cos tfj), 

the equation required. 

This equation may be further simplified by dividing by r^r^y 
Und multiplying by L Hence we obtain 

-{l — e cos 6i) = - {cos {0 —0^) — e cos 0}, 



ri 



but — = 1— ecos^i, 



n 



,•. - = cos (0 — 0i) — e cos ; 

this form only involves the angular coordinate of the point of 
contact. 

159, General equation to a conic section referred to any 
axes. 

Let the angle between the axes be w, the coordinates of the 
focus {h, k)y and the equation to the directrix 

K cos a + y cos P^p* 
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Let the point {x, y) be on the conic of which tlie excentri- 
city is e. 

Then the distance of (re, y) from (/*, k) is 

and its distance from 

X cos a + y cos P =p, is 

=fc {x cos a + y cos )8 — /?), 

.'. (05 - /i)* + (y - A;)* + 2 (a; - A) (1/ - A;) cos 0) 

= e* (a; cos a + y cos )8 — j^)*, 
the equation required. 

Expanding and rearranging in terms of aj", xy, <fec. we 
obtain 

a;* (1 — e* cos' a) + 2xy (cos co — e' cos a cos p) + y* (1 — 6* cos' )8) 

— 2a5 (A + ^ cos 0) — j» cos a) — 2y (A; + A cos cd — j» cos j8) 

+ 7i* + A;' + 2Ucosa>-c'/ = (1). 

Since the coefficients of the various terms a;', a^, <kc. can be 
made to vary amongst themselves as much as we please by 
alterii)g the values of a, )8, e, hy k or p^ and since an equation 
is unaltered by multiplying it by any constant quantity, this 
equation may be made identical with the general equation of 
the second degree, 

Ax''h2Bxy + Cy'+2Dx + 2Ey-hF=0 (2). 

Hence we see that any conic section may be represented by 
the general equation of the second degree. 

For the proof that the general equation always represents a 
conic section, for its reduction to the simple forms which we have 
already found, and for a full discussion of its geometrical 
meaniug, the student is referred to Salmon's Conic Sections, 
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160, To fi^^ ^^^ nature of the conic denoted hy the general 
equation. 

Let equations (1) and (2), in the preceding Article, refer to 
the same curve, let A. be the constant multiplier which makes 
them identical ; then 

il = X(l-e'cos*a), C = X(l-e"cos'j8), 
B = \ {cos (a + )8) — e* cos a cos )8}, since a + j3 = w ; 
.-, j:C-i5* = X»[(l-e»cos»a)(l-e*cos*)8) 

~ {cos (a + j8) — e* cos a cos PY\ 
= A.* [1 — cos* (a + )8) — e* {cos* a + cos* j3- 2 cos a cos p cos (a+j8)}]. 

Now cos* a + cos* j8 — 2 cos a cos )8 cos (a + p) 

, cos 2a + cos 2j8 , ^.. . ^. / _. . 

= 1 + ^— cos (a + p) {cos (a + )8) + cos (a - P)} 

= 1 + cos (a + P) cos {d-P)- cos (a + )8) {cos (a 4- )8) + COS (a — P)\ 

= 1 — COS* (a + jS) = sin* (0, since a + )8 = cd ; 

.-. J:(7-ir» = X*(l-e*)sin*ai. 

Now, the curve will be an ellipse, parabola, or hyperbola, as 
«<, = !, or > 1, that is, as 1 — e* >, =, or < 0, hence the curve 
represented by the general equation will be an ellipse, para- 
bola, or hyperbola, according as 

-4(7 — jS*is>, =, or< zero, 

161, To find tlie equation to a conic referred to two tan- 
gents as aaces. 

Let the equation be 

Aa? + 2Bxy + Cy^ + 2Dx + 2Ey + /*= (1). 
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Let Oy b,he the distances of the points of contact from the 
origin, respectively. 

In equation (1) put jf = ; then, «lnce the axis of x touches 
the curve, the equation must reduce to a quadratic, both the 
roots of which are equal to a ; therefoi'e the equation 

must have two roots each equal to a ; 

D E F 

,'. -T = - a, -7 = a*, and therefore -yr = - «, 
A A jy 

Similarly, 

E F F 

therefore dividing by F^ and substituting the values of the 
coefficients thus determined, 

X* ^B f/ 2x 2y ^ ^ 

a* F ^ h^ ch h ' 

X -B 

Here the curve is an ellipse, parabola or hyperbola^ as 
1 - X* > , = , or < 0. 

The above equatioU( may also be written 

or /"^ + ? -. 1 Y = ^ii±^^. 
\a b / ab * 

Putting 1 + X = ^ , we obtain the equation in the form 
V. G. 12 
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Here, since X'= or > 1 in the pavabola or hyperbola, and 
2(l+X) = /*% X must l»e positive, or the equation will either 
represent a straight line or become impossible. 

162. Tn the case of the "parabola this equation admits of a 
still further simplification. 

Here X = 1 ; hence the equation becomes 

^4.2/^^V+y-l 

where the root may have either sign. 

Extracting the square root of both sides, we obtain 

^x\i /y\i 



©*(f)'-- 



where the roots may have either sign. 

There is no necessity for expressing the ambiguities in 
this equation, since ihey vanis^h when the ^equation becomeai 
rationiU. 



163« -^^^ straight line through a pole of a conic section is 
harmoniccdly divided hy the curve and the polar. 

Take the pole as origin, and let the axes be the tangents. 
Then the equation to the curve may be written 

and the equation to the polar is 

■ M-' ■•■•» 

since it passes through the points of contact of the tangents. 
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Let the equation to any straight line through the pole be 



m n 



= - = n 



where r is the length from the origin. 

Substitute mr, nr, for x and y respectively in equation (1), 
and divide by r* ; 






a* ab 0* \a bj r r 



Now, if — , — be the roots of this quadratic in - , that is, 

X v 
r,, r. the values of r at the points where the line — = ^ = r cuts 

the conic, 

1 1 ^ /m n\ 
-4-- = 2(- + v^) : 

but if rg be the value of r where this line cuts the polar (2), 

mr, wr. , m w 1 
— 2 + 8 = 1 or — + ^ = — ; 
a b ' a 6 r. 



s 



1 1 2 

.•.— + - = -, 
n r. r. 



that is, r, is a harmonic mean between r^ and r,. 



12—2 
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Example XIV. 

1. The tangents at the extremities of the transverse axis 
of any conic intersect any other tangent in two points ; prove 
that the straight lines joining these points with the focus are 
at right angles to each other. 

2. The intersection of any tangent with the straight line 
drawn at right angles to the radius vector lies on the directrix. 

3. If the angle between the focal distances of two points 
on the curve 

- = 1 — e cos 6 
r 

be a^ the tangents at those points will intersect on the curve 

- = cos a — e cos ^. 

4. The equation to the chord whose angular points are 
a + ft a-ft is 

- = sec j8 cos (tf — a) - e cos B, 

5. If two conic sections touch one another at two points 
they cannot intersect at any other point. 

6. The coordinates of the centre of the conic 



ri^)*(*r)"-'*^^ 



a 
are 



1-A.' 1-A.* 
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7. The equation to this conic transferred to pai*allel axes 
through the centre is 



8. The length of the diameter through the origin is 

{2 (1 4- X) (g' 4- 2ah cos o + y)}4 
1-A. 

9. The equation 

a 

represents a rectangular hyperbola. 



10. The diametei-s of the parabola 
are parallel to the line 



? = y 

a b ' 



11. The straight line 



is a tangent to 



o^ 






t)H)--' 



at the point f j , j) • 
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1 2. The coordinates of the focus of the same parabola are 

a* -i- 2ab cos « + 6* ' a* + 2ab cos « + 6* ' 
of the vertex 

ah*(aooRia+b)* ab(a + bcosioy 



(a* + 2a6 cos « + 6')" (a' + 2a6 cos « + 6*)" 

and the length of the latns rectum is 

4a*6* sin* «d 



(a" + 2ab cos u + b*)^ 



MISCELLAl!rEOUS PROBLEMS AND EXAMPLES. 



1. The points (a, - 6), (3a, 36), (3a, 6), (5a, 5b), are the 
angular points of a parallelogram. 

2. The cosine of the angle between Ix + mtf = 1, and 
fx + my = 1, is 

W + mm 

3. is a fixed point; Q, B, move along fixed straight 
lines so that QOR is constant ; P is a point in QR such that 
rOQ is constant ; prove that the locus of P is a straight line. 

4. The straight lines JL» + % + C = 0, A'x + B^y + C = 0, 
are perpendicular to one another, whatever the inclination of 
the axes, if 

5. They will be equally inclined to the axis of x in oppo- 
site dii'ections, if 

B £" ^ 

-J + -T> = 2cos<i«. 

6. They will be equally inclined to the axes of x, perpen- 
dicular to each other, and pass through the origin, if they are 
represented by the equation 

«' + 2xi/ cos M + y* cos 2«» = 0. 
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7. If the angle between y = - and 57 = A be -r — cd. 



(Zr + mm') cos a> + ( W + Tw*) cos* «d =fc {ini — Tw) sin* (0 = 0. 

8. The straight lines bisecting the angle between those 
represented by the equation 

aoj* + ^hxy + C2^ = 0, 

are represented by the equation 

6(a;*-3^) = (a-c)ajy. 

9. The distance of the point (0;^, y^ from each of two 
straight lines through the origin is 8; prove that the two 
straight lines may be represented by the equation 

10. Shew that the equation 

«* 6* aW if o* 5*^ 

represents the sides and angles of a parallelograiD. 

11. The polar equations to four straight lines are 

- = il cos(«-a) + ^ &m(e-p) (1), 

-=il'cos(*-a) + j^cos(tf-/5) (2), 

-=A sin(«-a)-J5co8(tf-)8) ..(3), 

^ = ^'sin(tf-a)+^cos(tf-)8) (4), 

shew that (3) and (4) are perpendicular to (1), (2) respectively. 
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12. From a given point C a straight line GQ is drawn to a 
given line, and a point P taken in it such that CP, (7Q = con* 
stant ; the locus of P is a circle. 

13. Chords of a given circle are drawn to touch another 
given circle ; the centre of the first circle being pole, the radii 
joining the centres initial line, and equal in length to c, and 
the radius of the second circle being a, the equation to the 
middle points of the chords is 

r = a + ccostf. 

14. If a triangle ABC circumscribe a circle, and p^^ p^, p^ 
be the perpendiculars from any point on OA, OB, 00, 

A B C ^ 

Pi cos 2" +P» cos - + />3 cos 2 =0. 

15. The locus of a point, the sum of the squares of the 
perpendiculars from which on the sides of a given polygon is 
constant, is a circle. 

16. On any chord of a parabola as diameter a circle is 
described, cutting the parabola again in two points ; if these 
two points be joined, the portion of the axis included between 
the two chords is equal to the latus rectum. 

17. PSQ is a focal chord of a parabola, QNQ^ is drawn 
j)erpendicular to the axis cutting the curve again in Q"; prove 
that PQf passes through the foot of the directrix. 

18. A parabola always touches two given straight lines 
and has the direction of its axis fixed ; the locus of the focus is 
a straight line. 

19. If a triangle be inscribed in a parabola^ and a similar 
one described about it, the sides of the former are four times 
those of the latter. 
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20. Two normals at i-ight angles meet in 0, ON is drawn 
perpendicular to the axis, and NQ measured along the axirf 
from the vertex equal to a ; QO is a normal to the parabola. 

21. YPR is a straight line of which Y lies cm the tangent 
at the vertex, P, its middle point, on the parabola, and R on. 
the axis, prove that YPR always touches another parabola. 

22. The locus of points from which pairs of tangents being 
drawn intercept constant lengths on the tangent at the vertex, 
id an equal pai*abola, with the same axis. 

23. Two equal parabolas have the same axis and veitex 
but are turned in opposite directions ; chords of one are tan- 
gents to the other ; shew that the locus of the middle points of 
the chords is a parabola, whose latus rectum is one-third that 
of either parabola. 

24. A quadrilateral circumscribes a parabola : the radical 
axis of the circles described on its diagonals is the directrix. 

25. The equation 

(a; + a)i + (y + a)* = (2a)i 

represents a parabola, of which the vertex is origin, the axis 
bisects the angle between the axes, and the latus rectum is 
4^2a. 

2Q, From P, a point in an ellipse, straight lines are drawn 
to A, A\ the extremities of the axis major, and from Ay A\ 
straight lines A Q, A'Q are drawn perpendicular to these lines 
intersecting in R^ the locus of R is the elii|)se 






a* a 



27. The locus of the extremity of the straight line formed 
by adding the abscissa to the ordinate of any point on the* 
circle a?* + y* ss c*, is an elli|)se. 
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28. The locus of the intersection of two tangents to a 
circle, such that the product of the distances from the centre 
cut off from a given diameter is constant, is an ellipse. 

29. In the axes AB, AC, are taken two points F, Q, such 
that AF : F£ ::AQ :QG; the locus of the intersection of FC, 
QB is an ellipse. 

30. The curves 

(«* + y*)* = xhmO — y cos tf , 

cos«^ sin^^ 1 
and — r— + 



intersect on the ellipse 

a' ¥~ ' 

31. A triangle ABC has two angular points on the rect- 
angular axes; the locus of the third angle is an ellipse. 

32. The equation 

represents the tangents to the ellipse 

from the point (a, p), 

33. SQ, ITQy are drawn perpendicular to a pair of conjugate 
diameters and intersect in Q ; the locus of Q is a concentric 
ellipse. 

34. A series of ellipses have their equal conjugate diame- 
ters of the same magnitude, one being common while the other 
varies in position ; prove that tangents drawn from any point 
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in the fixed diameter produced will touch the ellipse in points 
situated in a circle. 

35. If a parallelogram touch an ellipse at the extremities 
of conjugate diameters, the equation to one of which is li/ = mx, 
shew that the equation 

\ma + tb) 
determines its diasronal^. 



hx 



36. The locus of the vertices of an equilateral triangle 
about the ellipse 

is 4(6V + ay~a'6*) = 3(a:»+y'-a«-6y. 

37. A triangle is inscribed in an ellipse so that the centre 
of the inscribed circle is one of the foci, shew that its radius is 

I 

l+(l + e')^* 

38. Two triangles ABC, A'B'C\ are described about an 
ellipse ; B'C is parallel to BC, 0' A' to GA, and A:B' to ^5; if 
anj tangent cut these sides of A'B'C in /*, Q^ B, respectively, 
AF, BQ, GR will be parallel. 

39. Pairs of tangents at right angles are drawn to the 
ellipse 

a' b' ' 

prove that the locns of the middle points of their chord of 
contact is 



\a' I/) ~ a' + y 
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40. If to the ellipse 



a' 6' 



there be drawn the four tangents 

X cos y sin <^ 



= *1, 



a b 

X sin <^ - y cos <^ = =*= (a* sin* <^ + 6^ cos* ^)\ 

their points of intersection will lie on the ellipse 

OJ* ^/* 

- + V = a + ^1 
a o 

and the perimeter of the parallelogram will he 4 (a + h). 

41. The length of the perpendicular let fall from the 
centre on a chord joining two diameters at right angles is 

ah 

42. TP^ TQ are two tangents to an ellipse at right angles : 
shew that ^m^ SPT + sin SQT is constant. 

43. If a circle be described through the two foci, cutting 
an ellipse, the angle between the circle and ellipse at either 
point of intersection is equal to the angle between the normal 
to the ellipse and the axis minor. 

44. On any straight line through the origin (7, three 
points P, Q^ B, are taken such that OF. CR^CQ'; if the loci 
of Q and B be 



03* y* - a'x' y* 

c^'^F'^ ' 'V'^F^' respectively, 



that of P is 



W 6V ~6*V6*'*"a*y* 
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45. A straight line from the centre meet^ an ellipse in P, 
and the auxiliary circle in Q, shew that the locns of the tan- 
gents at P and Q is given by the equation 

a* b' ^ \a a' / ' 

46. From each point of the circle a^-hy* = c^, a straight 
line is drawn making an angle a with the radius at that point ; 
shew that the middle points of the parts of those lines inter- 
cepted by the ellipse 






lie on the curve 



o* (c* sin* a - y*) b* (c* cos* ^ — ^)_c% 

bw "*■ ay "" 

47. If one focus, a point, and the length of the axis minor 
of an ellipse be given, the locus of the other focus is a 
parabola. 

48. PGg is a normal cutting the axes in ^,^ ; prove that 

49. The locus of the intersection of tangents to the ellipse 
whose excentric angles diflfer by ^ is the ellipse 

50. If from a point be drawn four normals, OP, OQ^ 
OB, OSf and p, q, r, s, be taken such that the cooi:dinates of 
Py ^y ^> *> ^^^ ^^^ intercepts on the axes of tangents at P, Q, li, 
S, respectively, p, q,,r, 8, lie in a straight line. 
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61. If PGF, I)GD\ two conjugate diameters, gubtend 
angles a, j9, at either extremity of the axis minor, 



^ n» __ »* ^^ iP + 6* tan* a 
" "~tan* a +'tan« i3 ' 



52. The normal at P meets the curve at Q^ PF is any 
chord, QF meets a line through P perpendicular to PF in i?, 
shew that the locus of i? is 

X cos ^ y sin ^ a' + 6* 

where (^ is the excentiic angle at P. 

53. If the four normals at P, (?, i?, S meet in a point, the 
sum of their excentric angles is an odd multiple of ir, and the 
tangents parallel to PQ and ^^S^ meet on the equal conjugate 
diameters. 

54. If ^ + fi = l 

be the equation to an ellipse referred to conjugate diameters, 
the circle 

as* + 2xy cos oi + y* = r* 
will touch it, if 

/I 1\/1 1\ C08*ft> 

Vr« aVV 67" r* * 

6o, On a chord of an ellipse a circle is described, shew 
that the normals at the two other common points intersect the 
chord in the ellipse 






56, If perpendiculars be dralwn from the centre of an 
ellipse on two tangents at right angles, the aemi-diameters equal 
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in length to these perpendiculars respectively are conjugate, 
and the ordinates at their extremities meet these perpendicu- 
lars in the auxiliary circle. 

57. If the tangents through a pole include with the polar 
a constant area, the pole and polar lie on concentric similar 
ellipses. 

58. If through two given points, lines be drawn parallel 
to a pair of conjugate diameters, the locus of their intersection 
will be an ellipse through the points similar to the original 
ellipse. 

59. Two straight lines are chalked on the table, and a 
shilling and half-cix)wn are placed one touching each line, and 
touching each other, the locus of their point of contact is an 
ellipse. 

60. Chords are drawn at right angles to each o^er 
through the vertex of an ellipse ; the pole of the line joining 
their oiher points of section lies on a straight line. 

61. Two conjugate diameters of an ellipse are drawn, and 
their extremities are joined to any point on a concentric circle 
of given radius; shew that the sum of the squares on these four 
lines is constant. 

62. From any point on the ellipse 
tangents are drawn to the ellipse 

prove that if a straight line be drawn through the centre 
parallel to the tangent to the outer ellipse at the point, the 

nh 

portion of each tangent cut off will bo y- • 

A 
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.63. A chord of an ellipse is drawn through a fixed point, 
and a conic touches the ellipse at the extremities of thi^ 
chord, and passes through the centre ; the locus of the centre 
of this conic is a conic. 

64. Two tangents are drawn to the parabola y* = 4aic; 
prove that, if the product of the cosines of their inclinations to 
the axis be k, their point of intersection will lie on the ellipse 

•65. Two tangents to one hyperbola are asymptotes to an- 
other; if that other hyperbola touch one asymptote of the 
former, it will also touch the other asymptote. 

66. A series of hyperbolas having the same asymptotes is 
cut by a straight line parallel to an asymptote, and through the 
points of section straight lines are drawn parallel to the other 
asymptote, and equal to a semi-axis; the locus of their ex- 
tremities is a parabola. 

67. The locus of the points of intersection of two tangents 
to an ellipse which intercept, on any diameter, distances from 
the centre, the product of which is constant, is a concentric 
hyperbola, and two arcs of a concentric ellipse, 

68. If a perpendicular be drawn from (a, p) on any tan- 
gent to 

a* b* ~ ' 
the locus of the point of intersection is the curve 

{x(x-a) + y(t,-P)Y = a'{x-ay-b'Qf-P)'. - 

69. A hyperbola of given excentricity has its centre on a 
given circle; one asymptote passes through a fixed point on 
the circumference : prove that the other asymptote and the 
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transverse axis will also pass throngli fixed points on the cir- 
comference of the circle. 

70. The base of a triangle ABC being fixed, C moves on a 
rectangular hyperbola through Ay B ; if P, ^ be the points in 
which ACy BC intersect the circle on AB as diameter, AQy BP 
intersect on the other branch of the hyperbola. 

71. If the straight lines which bisect the angles between 
pairs of tangents to an ellipse be parallel to a fixed line, the 
locus of the points of intersection is a rectangular hyperbola. 

72. S, ffy are the foci of an ellipse, and the extremities of 
a diameter of a rectangular hyperbola ; shew that the tangent 
and normal to the ellipse, where the hyperbola meets it^ are 
parallel to the asymptotes. 

73. If a tangent be drawn to one of two confocal conies 
perpendicular to a tangent to the other, the locus of their 
intersection is a circle. 

74. The equation 

Aa^ + 2Bxy + Cy*-{-2Dx^2Ei/^l=:0 
will represent a point if 

AC-B' = D'C^ 2BED + AE"" = 0. 

75. If iy rjy are the coordinates of a point in the pre- 
ceding question, 

2>f+i?i7 + l=0. 

76. If the extremities of the base of a triangle move along 
fixed lines, the locus of the vertex is a conic section. 

77. If the vertical angle be the supplement of that 
between the straight lines, this conic section becomes a straight 
line. 



MISCELLANEOUS PROBLEBCS AND EXAMPLES. 195 
78, The polar of (r^, 0^) with respeofc to the codio 

- = 1 + e cos 0, 

r ' 



is r--dcosflj=cos(fl-flj). 



79. A parabola is drawn to touch three given straight 
lines ; prove that the chords of contact pass each through a 
fixed point. 

80. If a tangent to 

meet the axes in P, Q, and perpendiculars be drawn from F, Q 
to the opposite axes, they will intersect on the line 

x + y cos ci» y + x cos a> 

+ 7 = cos 01, 

a o 

81. The directrix of the parabola 

is (a + (cos(i>)a; + (6 + acos(i>)y=acos(ow 

82. A parabola touches three sides of a triangle ABC: 
prove that if it touches AB^ ACy in P, ©, respectively, PQ will 
touch any conic section of which AB^ AC are conjugate 
diameters. 

83. The locus of the centre of a conic section which 
touches three given straight lines, and passes thi'ough a given 
pointy is another conic, 

13—2 
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84. If the straight line . . 

? + ?^ = l 
touch the conic 

or mn b* a b 

then <*i8f4+— V2 ("-+?+ iV^- 

'^ \ab mn/ \a b / 

« 

85. If a conic section touch four straight lines, its centre 
lies on a straight line. 

86. The equation to any conic section referred to the 
yertex as origin and the axis and tangent as axes, is 

y* = mx + naj". 

87. CF is a semidiameter meeting the directrix in Q, S is 
a focus ; SQ is perpendicular to the tangent at P. 

88. In any conic, if r, / be focal distances at right q.&gles, 
and 21 the latus rectum, 



/I ly /I 1\» 6* 



89. The length of the diameter through the origin of the 
conic 

g + y 1^ 2 M* ' c {ah (g' + 5')}* 
a b c c^ — ab 

90. The locus of the intersection of the radius vector with 
the perpendicular from the foot of the directrix on the tangent 
is a circle. 
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91. ta the general equation, if the axes are rectangular, 
7-j — pirz IS constant, 

{A + cy 

92. Prove that the locus of the centre of a conic through 
four given points is a conic, and that when the four points are 
on a circle, the locus becomes a rectangular hyperbola. > 

93. Pairs of normals are drawn at the extremities of 
chords of 

the equation to any chord being 

ascosa ysino . 

6hew that the locus of their points of intersection is the 
hyperbola 

2 (ax sin a -f 5y cos a) {ax cos a + &y sin a) 
= (a«-6ysin2aoo8*2a. 

94. If 2a, 2)3 be the axes of 

a* (a; -f y)' + 26*ajy = «*, 
then (a* + j8*)a» + {a*-/30y=2<5*. 

95. If ilaj« + 2J5ajy + (V = l 

represent a rectangular hyperbola, 

A +C = 2-6coscrt, 

96. Given a focus, tangent, and latus rectum il of a oonio 
section, prove that the locus of the other focus is 

where the tangent is the axis of x^ and the focus is the point (0, c)^ 
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97. A straight line makes an angle a with the radius 
vector of a conic, and meets the tangent at the extremity of 
that radios vector: the locus of its intersection is an ellipse^ 
parabola, or hyperbola, as cos a > = or < e. 

98. The equati<m to the parabola whose focus is the origin, 
and directrix 



x" 2xy 9/ 2x 2^_ 



ab a* a 

99. All chords of a conic which subtend a right angle at 
a given point on the curve, intersect in the normal at that 
point. 

100. If 7 be this point on the normal, PI varies as the 
diameter conjugate to CP. 



LIST OF FORMULAE. 

N.B. The axes are rectangular, unless the contrary is 
stated. 

The distance between {x^, y^) and {x^ y^ is {(a?^ - «i)'+ (ya- yj'}*. 
The area of triangle whose angular points are given is 

Tranaformations. Origin changed but not axes ; 

05 = oj' + A, y = y'hk. 

Axes changed but not origin, 
a5 = a/cosfl — y'sin^, y = a;'sintf + y'cosft 

Also x = r cos 0, y = r sin 0, r* = af + y*, tan 6 = -. 

X 

X = wir, y = wr, from oblique to polar coordinates. 
A'qitations to the straight line, 
Ax + By + C =^0y general equation, any axes : 

- + ^ = 1, in terms of intercepts, any axes : 

-4 (a? - icj + ^ (y - y^ = 0, through point (a;^, 2^^) : 

^~~5 = J~?'' through points (aj,, y,), (a?,, yj : 

a; cos a + y sin a = j9 ; 
j9, the perpendicular from origin, makes angle a with the axis of a;, 
a;cosa + y cos)3 = pj axes contain the angle a + )3 : 

/M __ o* ni __ ni 

. ' ^ = 2^ — ^ = r, where r is the distance from (a:,, y,), 
I m 

r.cos(tf — a)=p, 
2> distance from pole, making an angle a with the initial line. 
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The distance of («,, y,) from Ax + JB^-hC^Oia 

(A^ -¥ sr^k ' 

from a;co8a + ysma = |>, a?, cos a -f y^ sin a -/>. 

A A' 
If two straight lines are parallel -» = ly » 

if perpendicular » + -p = 0. 

Circle. 

^qiuUiQna : a? + i^ = c\ centre origin ; 

{x - a)* + (y - ft)' = c*, centre (a, 6) ; 

aj* + y* + 2 Ax + 2By + (7 = 0, general equation. 

r = l cos (0 — a), polar equation, pole on the ctirve. 
EquaJtiorui to ta/ngent; at the point {x^yy^ 

to any tangent^ x cos tf + y sin tf = d. 

hx + h/ = (^ ia the polar of (A, A;), 

c* cos d c* sin tf . , - , - ^ . - 
, IS the pole of a; cos ^ + y sin =p. 

S^-S^=0, radical axis of aS^j = 0, iS, = 0. 

Parabola. 

y* = 4aa5, equation to curve. 

yy^ = 2a(x + »,) to the tangent at (ps^ y,). 

y=x tan + a cot to any tangent making an angle with the axis. 

05 + 0, focal distance of (a?, y). 
y'=: 4a'a;, equation to curve referred to a diameter and its tangent. 

— s 1 - cos 6, polai* equation. 



LIST OP FORMULAE. 



Ellipse. 

-w + ?, = 1, referred to axes, 
a' h 
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05* + y* = a*, the auxiliary circle. 
x = a cos <l>f j/ = a sin ^ the excentric angle. 
(a + eos), (a — ea;), focal distances of (as, y). 

^<2t«a<ian« to the to/agent: 

^» + ?|?=l,atpoint(a:„y,), 

a?cos^, ysin^, - . ... ,.1,1 . 
^ + - — =— ^* = 1, at point at which 9 = 9p 

Cb 

xcoBO + i/fAnO^ (a'cos'tf + h* sin'tf)*, general equation. 
The length of semidiameter is 

Length of conjugate diameter 

(a'sm'^ + 6' cos'^) % or ^ ^ ^ . 

The coordinates of the extremity of the diameter conjugate 

/f h 

to that through (aj^, y^) are ^ ^y,, =»•-«,, and its excentric an- 

gle is 1 + ^ 

The eqnation referred to any conjugate diameters is 

a" 6"" 

Iff 

♦^ s= = — -, — J7. , polar equation, centre polo : 
iabf area of circumscribing parallelogram. 
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Hyperbola. 
Change 6' into — &' in the ellipse ; 

a* 6»~ ' 

x^a sec 4^9 y=b tan <f>^ ^ excentric angle : 

a? ^ 

~i = u > ^nation to asjmpMes: 

ay = —J — , referred to asymptotes : 

~ + ^ = 2, tangent at «,, y^; 
a* — y* = a', rectangular hyperbola, 

Amr Conic Sections. 



Polar equation, 



~=l-ecos^ : 
r 



to tangent, 

- = cos (tf — tfj) — e cos 0, 

general equation, 

.4a^ + 2i?ajy + Cy+2Z)aJi-2%+^=0, 

where ^ — -4C7> = <0, as the curve is a. hyperbola^ parabola, 
or ellipse : 

or, - + ^ - 1 = /A f -| j , referred to two tangents as axes. 
(- j + f I j = 1, parabola referred to two tangents. 



ANSWERS TO THE EXAMPLES. 



I. 4. (i) 2, 1; (ii) 1^, §; (iii)-y , -f ; (iv) x=y=2a', 
(v) c, or 0, c; (vi) * 2a, a. 

5. (i)5a; V55;a;V10a. (ii) ^/37a;^Sh; V(l+'^)*a;N/7«. 

6. ^2a j (A*+4A;")i j J2{ar-l)', lOa; (seca-coseca){a"(l+Bin2a)+^*}* 

7. Sacoso; a(l+sin.a))*; sec-^-ja'f sin-^ — cosco cos-^V 

+ 6(l+smcDC0s-^l >. 

8. {»• + &• - 2a5 cos {6 - 1^)}* ; 2a sin tf ; 2a cos tf ; ^(5 -2^3) a, 
Q o a ^ - a 2a 3h • ,4^ ^ ^ 

2 ' "" 2^ ^ 3 ' ^ ^ "^^ "" ^ ~3~ ' "" 3 ^ 
a + 6a+5 -2a + 6 26 + a ^ « , », 2a 

' . 2 

a cosec 2a, b (sin a + cos a) cosec 2a and ^ a cosec 2a (1 + cos' a), 

^ J cosec 2a (2 COS a + sin a). 10. -^ I icf i '^^{^^Vi'^^y^ i 

^rr'sinA 11, (1)|, ^cot^j^rootij 

sm^-g- ^^-J- 

(2) .^ . T> > ^ . ^ J r cosec ^, rcose<5-4. ' 
^ ^ sin -5 sin-4 ^ 

(3)^, ^~(7j -r, -g-, where i?,»;are theladii. 12. ^ a,- -sb. 

II. 2. ^2a; = c. 3. 2»(a! cos 2o - y ain 2o) = a*. 4. y = 0. 

5, rco8(tf-a) = ajr'(2 + 8m2tf) = 2y;r'(^^+^^^ = l. 

6. r' = (rcostf + 2a)*. - 1. • {a? + ff = a*i^-y'). 
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III. 19. x + yco8 = a, X + j/ sec = a, where (a/ 0) is 
the given point. 20. {x - a) tan 30® = y - 6. 

21. x-\-y = a + h; « = y; y = — ^> {hco&<l> — acosff)y 
— (6 sin ^ — a sin ^aj=a5 sin (tf — ^); y=a;+l; y=2x. 

X V 10 h h 

22. - + T = \ where X = — , 2, 3, - + t > 2, 0, successively. 

23. Ax-\-By- Aju 24. If 5- be the area of the given tri- 

X V a 1 

angle, the equation is - + ^ = -., 25. y = mx + a (1 + w")*.- 

* ^ (06)2 
2Q. a;sina + (y-a)cosa=0. 27. a? cos a - y sin a =s 6; 

OQ 2ah h-ma 7 -1 -4 on© .1/ i\ 

31. Tn^y + — 1 = ^» where 2a^ is the given area. 

h 

32. (a;-A)cos(a=fc/3) + (y-^)sin(a*j3) = 0, wheretan^ = -. 

^3. ajcos(a±/3) + ysin(a*/3) = 0. 34. lAn{a^P). 

«^ a5sin(ci)sfctf) - «o . xmaO , 

37. y«fc A-^ — ^ =6. 38. ytfc . / ^/)\ = ^' 

39. r{r,sin(tf-fl,)-r,6in(tf-fl,)} = nr, sin(tf,-flx)j 

cos tf sin fl 1 / . /» /i\ /« /o\ * 
+-—=-; r(8infl + cosfl) = a(2-^3)a; 

cos sin 1 . ^ sin (co - d) sin 

6 a r sin <<> sin <o 

IV. 1. 2^2. 2. -^. 3. 2^«. 4. ^. 
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II* . i(-5+Ta-l). 12. 0, 1: --5,-=-x : 

(Bh^Ak)B--A{G''D ) {M-Ak)A--B(C-^D) h 

13. (a — 6)sinoj — -., 14. (1) and (2) intersect 

in (4, - 3); (1) and (3) in (1, 0); (1) and (4) in (6, - 5) ; (2) and 
(3) in(|^, If); (2) and (4) in (^, -4), and (3) and (4) 

(2 5\ ,_ p' sin a — p sin j8 p'coaP—p'coiia 

~li'~u)' sin(a-^) ' cos(a-/3) ' 

16. a, p cosec a — a cot a j a, p^ cosec a - o cot a ; 

by p cosec a — 6 cot a ; 6, ^^ cosec a — 6 cot a. 17. = ; ■ , 

JB cos a + y sin a sfc ^^^ _a = ^^ i ^* *"®ir inter- 

section a; cos o + y sin a = — -o^ > ^J^d ^ = — 9— > and the area is 
(a '^ h) (jPi '^P^ cosec a. 18. The three points being taken 

in the given order, the other point is — ^ — , — 5 — , and the 

OS f/ 

equations to the diagonals are -+| = 1, and a(y-A)-2% = 6 

19. «, and tan (^+ ji).^;^.^^- 

20. tan-'^^^=^; J3(a''-b') = 2ai. 

1 

3 

21. <a - j8), where tan j3 = t • . 22. tan"* ^ . 
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oi , A — B f y.,A+B ^ 

24. asm — s — - (y - 0) sm — ^ — ; a? + y = ; 

(^ , A. -h ,-4— C 

aj-c) sin— g- =ysin— ^; a; = y. 

- + r-- 1 - + r--l 

25. ^; 7 = 2«— Si_ , 

a b. a h "^ 

27 ?_y^^?[±? 

6 a a — wi6* 

29. (l-m)p jajcos-y^-ycos — ^^f- ccos— ^-^(aj-y) 

=;?c^cos -^ cos-^j. 

V. 1. 3a, 2a, (a* +6*)*. 2. a, - a, (a» + 5" + c*)! ; 

""2* 2' 2 '2' ' 2' 2' ' 2' '2* 2' 

5, 0,-^a;^, ^, ^ ^ ^ . 3. aj» + y"-2a(aj-.y)+a' = a 

4. a' + y* = 2a(3aj + 4y). 

^. aj' + 2^-2(5 + c)aj-2(6-c)y + 26* + c* = 0. 

6. a;' + y* - oa; — 6y = 0. 

7. (oj^j - xj/^j {x' + y*) = {(aj,v, - aj^v.) - y^y^ (y, - y,)}« 

+ {a:^i« - a:^,'- ay^a;, (aj^ - a?,)} y. 
8. In equation (7) transpose the origin to the point x^ y^ and 
write x—x^ for aj, y— ^3 for y, &c. 9. sc^ + y^^ax-^by, 

10. See Art 44. 

12. a;" + y*«fc2a(a;dby) = 0. 13. a^ +y' = fJ2ay. 

^^' 3^ 3.' 3' ^l3^ ^^" x' + 2xy cosia + y* =hx+hy. 
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18. cos <o = — 5 — ; the coordinates of centre are 

20. 1£ 21 be the given length the equation is r = (^' + ?)i, 
25. -'- ■">'\^ 



■'■ K^-wT.) 



YI. 2. aj = c; 3x-i^ = 5c; kt/-Iix = c'. 
3, y cos a - a; sin a = ± c, where a is the given angle. 

7. In the equation x cos fl + y sin tf = c, cos (^ — a) = . 

8. In the same equation, if a* be the area of the triangle, 

sin2tf = 4. 
a 

y« T5 5a = C > « Sin a = =fc <?, -J3 5 = C*. 

12. a, 6 ; 2a, 6 ; c, ; 0, c, and c (1 + cos tf), c (1 + sin tf) ; 
0,6; 14. acostf+ftsin tf-^ = (a' + 6")i. 

19, = ^+0, and r cos (tf — a) = I. 



2. - 



VII. 1. aj+y=c; 2a5 + 3y = c; (a + 6)aj+(a-6)y=c". 
-4 c* ^c* c' c* c'sin^ -c'cosfl 



C * G ^ 2a' 2b' aj, sintf-y,cos^' a^sin tf-y,cos^' 



0'T'^'«- 
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a* 



5. aj' + y* = c^--^- + aa!: 6. a; + y + l = 0. 7. « = 0, y = 0. 

8. {4c'-2(a-6)»}l. 

10. a?+y=3; 2a;-4y + 5 = 0; 4x-2y = l; ^, ^. 

14. a?± Jl^y^SCy and Sa?* Jly = Sc. 

15. «=±c; 2cy — (a + c)c = =fc(a*+ac-3c')iai 

16. ic=a + c. 17. A circle. 

19. {(a;-A)*+(y-^)*}(a;co6a + y8ina-}?)* = 6*, i^liere(A,^)i8 
the given point 20. 22. 24. 25. 26. Cirdea 

VIIL 4. 4(2db^3)a. 

14. (aj^icj*, '^^^ . ^' . 15. Either extremity of the latus 

rectun^. 21. 2Ay-^a; = AJfedb(^-4aA)* . (a:-A); 

(A;'- 2aA- 2a')y-2aifc (a;-a) = ± (jfc*-4aA)*{;fcy- 2a (»-.a)} ; 

f = ^y^ • 24. {(c» + 4a')i -c}x--2ac = ^ [2c{(c* + 4a«)* - c}]*y. 

25. (^'a - 4a;) {y - kaf = ^ax\ 

26. The parabohi, y* = iax + ^a*. 

27. ifca; = a. 28. {x-aY+y'=^. 

29. a cot a cos a, a cosec a. 31. The parabola y* = a (x — 3a). 
35. 2oa;' = (c-2a)y*. 40. A circle. 

41. r = /cot^. 47. r = 2/ cosec' ^. 49. «=.a. 

50, 51. Straight lines through the intersection of the diameter 
and tangent. 57 — 64. These loci are parabolas. 

IX. 7. (i)-^,^2; (ii)|,3j (iii)-^, 1;^^^ 
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{2ab {a' +6*)}4 



8. 2,2,V2, 2|^(a-.5)}*, 2(26)*, 

12. tan-* ? . 13. tan"* — . 16. tan fl = - . 

17. tanfl=Q . ^S. J. 

20. If 2Z be the length, a the inclination, a* = /• — r--^ — ; 

6*=?(l-e'cos«a). 

21. )8 being the inclination, a* = tf^is — a~o • 

I ft 'T rti^ ^ «i? 1 ^ •'** 

22. tan"'-, 7. 25. =fc r. 26. -i = -i + iT- 

a 4 (a' + 6*)* «^ » 0* 

2^^- a»t6^{«=^(2«ft)* + ft}. 

X. 1. y cos ^ - a; sin ^ = ± (a* sin* ^ + 6* cos* $)K 
2. If c* be the area of the given triangle, the equations to the 
tangents are (- ± |^ {(c*+ ah)^ ± (c' - ab)i} = 2c. 

5. a; cos ^ + y sin ^ = (a* cbs* ^ + 6* sin* d)* 

where A cos ^ + 2/ cos ^ - (a* cos* fl + 6* sin* d)i = 0. 

6. +-: — -=L where 6 is the excentric angle of the 

cos^ sm ^ ^ ° 

point of contact. 

7. a sec <^ + 6 cosec <^ + (a* sec* <^ + 5* cosec* <^)- = 2& 

8. If m be the ratio cos d> = = .- . 

m+1 6 . 

V. G. 14 
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- ^ a* cos CO 5* sin <o 



(a* 008^ « + 5* sia* <i>)5 ' (a* cos* id + 6* sin* <d)4 
11. x + J2y = J6. 12. ?+^ = *(l+e«)i. 

18. Pe^ = 5(l-ir-co^*)J, CK^ "'^^"^* / . 

.Q 2(aV + yOl ^^ 26(l-e*cos*<^,)l 
^^' a%'-^h\* ' l-(2-«Vco8'^,* 

20. y = -£(aj-.c)(eV-c*)i; eaa: = (y-c) (eV- ftV)* ; 

in (111) substitute (A, A;) for (aJiyj), this will give an equation 

of condition. 22. 6* t (»» - e'ajj*) J. 

XL 1. 6*a; + aV=0; 5*a5 = a'y; 6'y + a"a; = 0j 5^ + aa;=rO; 
a*y sin 5 + ^05 cos ^ = 0; ay = 5a;. 

5. |(3a + 6)ij=^(36+a)i = 0. 



THE END. 
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tary Course of Mathematics." By HARVEY GOODWIN, D.D. Dean 
of Ely. Third Edition, revised, with Additional Examples in Conic Sec- 
tions and Newton. By THOMAS G. VYVYAN, M.A. Fellow of Gon- 
ville and Caius College. 8vo. fif. 

Solutions of Goodwin's Collection of Problems and 

Examples. By W. W. HTITT, M.A. late Fellow of Gonville and Caius 
College. Third Edition, revised and enlarged. By the Rev. T. G. 
VYVYAN, M.A. 8vo. 9t, 

Collection of Examples and Problems in Arith- 
metic, Algebra, Geometry, Logarithms, Trigonometry, Conic Sections, 
Mechanics, &c. with Answers and Occasional Hints. By the Rev. 
A. WRIGLEY. Sixth Edition. 8vo. 8t. 6d, 

A Companion to Wrigley's Collection of Examples 

and Problems, being Illustrations of Mathematical Processes and 
Methods of Solution. By J. PL ATTS, Esq., and the Rev. A. WRIGLEY , 
M.A. 8va Ut. 

Newton's Principia. First Three Sections, with 

Appendix, and the Ninth and Eleventh Sections. By the Rev. J. H . 
EVANS, M.A. Fourth Edition. 8vo. et. 

Series of Figures Illustrative of Geometrical Optics. 

From SCHELLBACH. By the Rev. W. B. HOPKINS. Plates 
Folio. 10s. ed. 

A Treatise on Crystallography. By W. H. MiLLEBy 

M.A. Svo. U.fid, 
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A Tract on Crystallography, designed for Sta- 

dentB in the Unhrenity. ^y W. H. Milub, H.A. Profeesor of Mine- 
ndogy in the Uniyeinty of Cambridge. 8to. St. 

Physical Optics, Part II. The Corpuscular Theory 

of Light discuflKd MathematicaUy. By BICHABD POTTEB, M.A. 
Late Fellow of Queens' College, Cambridge, Piofeaaor of Natural Philo* 
aophy and Astronomy in University Coll^ie, London. 7#. 6d> 



The Greek Testament: with a critically revised 

Text : a Bigett of Various Readings ; Marginal References to Verbal and 
Idiomatic Usage; Prolegomena; and a Critical and Ezegetical Com- 
mentary. For the use of Theological Students and Ministers. By 
HENRT ALFORD. D.D. Dean of Canterbury. 
VoLL Fifth Edition, containing the Four Gospels. U.St. 
Vol. IL Fifth Edition, contidntaig the Acts of the Apostles, tho 

Epistles to the Romans and Corinthians, li. 4s. 
VoL III. Fourth Edition, oontahiing the Epistles to theGalatians, 
Ephesians, Philippians, Colossians, Thessalonians,— to Timothcus, 
Titus and Philemon.* IBs. 
VoL IV. Part I. TMrd Edition, containing the Epistle to the He- 
brews, and the Catholic Epistle of St James and St Peter. 18t. 

Vol. IV. Part n. Second Edition, containhig the Epistles of St John 
and St Jude, and the Revelation, lis. 

Codex BezsB Cantabrigiensis. Edited with Prole- 
gomena, Notes, and Facsimiles. By F. H. SCRIVENER, M.A. Small 
4to. 2te. 

Wieseler's Chronological Synopsis of the Four Gos- 
pels. Translated by the Rev. E. VENABLES, M. A 8vo. 1S#. 

" This opportunity may properly be taken of especially recommending 
to every thoughtful student this able -treatise on the succeadon of 

events in the Gospel history A translation of it would 

be a very welcome aid to the general reader."—^. EUieotffs Lee- 
tures on the Life of our Lord, 

Bentleii Critica Sacra. 

Notes on the Greek and Latin Text of the New Testament, extracted 
from the Bentley MSS. in Trinity College Library. With the Abb6 
Rulotta's Collation of the Vatican MS., a specimen of Bentley's in- 
tended Edition, and an account of all his Collations. Edited, with 
the permifldon of the Master and Seniors, by the Rev. A A ELLI8 
|f.A., late Fellow of Trinity College, Cambridge. 8vo. 8s.6<i, 
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A Companion to the "New Testament. Designed 

for the use of Theological Students and the Upper Forms in Schools. 
By A. C. BARRETT. M.A. Gaius College. Fcap. 8to. 6s, 

A general Introduction to the Apostolic Epistles, 

With a Table of St Paul's Travels, and an Essay on the State after 
Death. Second Edition, enlarged. To which are added a Few Words 
on the Athanasian Creed, on Justification by Faith, and on the Ninth 
and Seventeenth Articles of the Church of England. By A BISHOFS 
CHAPLAIN. 8vo. 8«. 6d. 

Butler's Three Sermons on Human Nature, and 

Dissertation on Virtue. Edited by the late W. WHEWELL, D.D. With 
a Prefisce and a Syllabus of the Woric Third Edition. Fcp. 8vo. Zt. 6d. 

An Historical and Explanatory Treatise on the 

Book of Common Prayer. By W. G. HUMPHRY, B.D. Third 
and Cheaper Edition, revised and enlarged. Fcap. 8vo. 4r. Gd. 

Annotations on the Acts of the Apostles. Ori- 
ginal and selected. Designed principally for the use of Candidates 
for the Ordinary B.A Degree, Students for Holy Orders, &c., with 
College and Senate-House Examination Papers. By the Rev. T. R. 
HASKEW, M.A. Second Edition, enlarged. 12mo. bi. 

An Analysis of the Exposition of the Creed, writ- 
ten by the Right Reverend Father in God, J. PEARSON, D.D. late 
Lord Bishop of Chester. Compiled, with some additional matter occ»- 
rionaUy interspersed, for the use of Students of Bishop's CoUege, Cal- 
cutta. By W. H. MILL, D.D. Third Edition, revised and corrected. 
8vo. 6«. 

Hints for some Improvements in the Authorised 

Version of the New Testament By the late J. SCHOLEFIELD, If .A. 
Fourth Edition. Fcap. 8vo. if. 

A Plain Introduction to the Criticism of the New 

Testament. With 40 facshniles from Ancient Manuscripts. For the use 
of Biblical Students. By F. H. SCRIVENER, M.A. Trinity CoUege, 
Cambridge. 8vo. lbs. 

The Apology of Tertullian. With English Notes 

and a Preface, intended as an Introduction to the Study of Patristical 
and Ecclesiastical Latinity. By H. A. WOODHAM, LL.D. Second 
Edition. 8vo. %s, 6d. 
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^^Eschylus, Translated into English Prose, by 

F. A. PALEY, M.A. Editor of the Greek Text. 8to. 7f. M. 

Aristophanis Comoedise TJndecim, cum Notis et 

Onomastioo, by the Key. H. A. Holdbn, LL.D., Head-Master of 
Ipswich School, late Fellow and Agristant Tutor of Trinity College, 
Cambridge. Second Edition. 8vo. I5s. 

The Plays separately, 1#., Is. 6d. and 2t, each. 
NOTBS, 4t. 

Demosthenes, the Oration against the Law of Lep- 

tines, with English Notes, and a Translation of Wolfe's Prolegomena. 
Edited by B. W. BEATSON, M.A. Fellow of Pembroke College, Cam- 
bridga Second Edition. Small 8vo. 6t, 

Demosthenes de Falsa Legatione. Third Edition, 

carefully revised. By B. SHILLETO, A.M. 8to. 8s. Qd, 

Demosthenes. Select Private Orations o£ After 

the text of DINDOBF, with the Various Readings of BEISKE and 
BEKKEB. With English Notes. For the use of Schools. By C. T. 
PENBOSE, A.M. Second Edition. Bevised and corrected. 12mo. 4s. 

lEuripides, Fabulae Quatuor, scilicet, Hippolytus 

Coronifer, Aloestis, Iphigenia in Aulide, Iphigenia in Tauris. Ad fidem 
Hanuscriptorum ac veterum Editionum emendavit et Annotationibus 
instruxit J. H. MONK, S.T.P. Editio nova. 8vo. Us, 
S^pamteJjH-Hippolytus, 8vo, cloth, 5s. ; Alcestis, 8vo, sewed, 4s. 9d^ 

liucretins. With a literal Translation and Notes 

Critical and Explanatory, by the Bev. H. A. J. MUNBO, M.A. Fellow 
of Trinity College, Cambridge. Second Editton, revised throughout 
2 Vols. 8vo. VoL I. Text, 16f. VoL II. Translation, 6s. May be had 
separately. 

Plato. The Gorgias, literally translated, with an 

Introductory Essay, containing a Summary of the Argument By 
E. M. COPE, M.A. Fellow of Trinity College, Cambridge. 8vo. Is. 

Plato, The Protagoras. The Greek Text, with 

English Notes. By W. WAYTE. M.A. 8vo. 6s. M. 

Plautus. Anlnlaria. With notes, Critical and 

Exegetical, and an Introduction on the Plautian Metres and Prosody. 
By Dr WM. WAGNEB. 8vo. 9s. 

Plautus. Aulularia. Ad fidem Codicum qui in 

Bibliotheca Musel Britannid exstant aliorumque nonnullorum re» 
oensuit, Notisque et Olossario locupleto instruxit J. HILD YABD, A.M, 
Editio altera. 8to. Is. 6d. 
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Plantus. Mensdchmei. Ad fidem Codicnm qui 

in Bibliotheca Muse! Britannici exstant alioramqne nonnullomm 
recensuit, Notisque et Olossario locuplete instrozit J. HILDYABD, 
A.M. Editio altera. 7«. 6d. 

Propertius. The Elegies of. "With English Notes, 

and a Preface on the State of Latin Scholarship. By f . A. PALET, 
ILA. With copious Indices. 10«. 9d. 

Verse-Translations from Propertius, Book Y. With 

a Revised Latin Text, and Brief English Notes. By F. A. PALEY, KJL. 
Editor of Propertius, Ovid's Fasti, &c. Fcp. 8vo. 8f . 

Theocritus, recensuit brevi commentario instraxit 

F. A. PALEY, M.A. Crown 8vo. 4«. 6d. 

A Complete Greek Grammar. For the use of 

students. By the late J. W. DONALDSON, D.D. Third Edition, 

considerably enlarged. 8vo. 16«. 
Without being formally based on any (Jwrnan Work, it has been mit- 
ten with constant reference to the latest and most esteemed of Greek 
Grammars used on the Continent. 

A Complete Latin Grammar. For the use of 

students. By the late J. W. DONALDSON, D.D. Second Edition. 

considerably enlarged. Svo. lit. 
The enlarged Edition of the Lathi Grammar lias been prepared with 
the same object as the corresponding work on the Greek language. 
It is, however, especially designed to serve as a convenient liand- 
book for those students who wish to acquire the habit of writing 
Latin ; and with this view it Is furnished with an Antlbarbarus, with 
a full discussion of the most important synonyms, and with a variety 
of information not generally contained in works of tliis description. 

Varronianus. A Critical and Historical Introduc- 
tion to the Ethnography of Ancient Italy, and to the Philological Study 
of the Latin Language. By the late J. W. DONALDSON, D.D. 
Third Edition, revised and considerably enlarged. Svo. 16s. 

The Theatre of the Greeks. A Treatise on the 

History and Exhibition of the Greek Drama : with various Supplements 
By the late J. W. DONALDSON, D.D. Seventh Edition, revised, 
enlarged, and in part remodelled, with numerous illustrations from 
the best ancient authorities. Svo. 14f . 

Classical Scholarship and Classical Learning coik- 

ddered with especial reference to Competitive Tests and tTniveisity 
Teaching. A Practical Essay on Liberal Education, By the late J. W. 
DONALDSON, D.D. Crown Svo. 6s. 



U DEIGHTON, BELL AND CO.'S PUBLICATIONS. 

Sophocles. The (Edipus Coloneus of, with Notes, 

intended piindpallj to explain and defend the Text of the manu- 
•cripti as opposed to conjectural emendations. By the Ber. Q. £. 
PALMER, M.A. 9s. 

Tacitus (C). Opera, ad Codices antiquissimos 

ezacta et emendata, Commentario critico et ex^^tico illustrata. 4 toIb. 
8to. Edidit F. RITTEB, Prod Bonnensis. B«duced to lit.' 

Translations into English and Latin. By 0. S. 

GALYEBLEY, late Fellow of Christ's College, Cambridge. Small Syo. 
7*. W. 

P. Yirgilii Maronis Oi)era edidit et syllabarum 

qnantltates novo eo que fodli modo notavit Thomas Jarrett, K.A. Lin- 
guae Hebnese apud Cantabrigienses Professor Begius. 12s. 

Arundines Cami : sive Musanim Cantabrigiensiuni 

Lusus CanorL Collegit atque ed. H. BRTTRY, A.M. Editio qidnta. 
Cr. 8vo. Is, M. 

Foliorum Silvula. Part the first. Being Passages 

for Translation into Latin El^:iao and Heroic Verse. Edited with 
Notes by the Ber. HUBERT A. HOLBEN, LL.D., Head Master of 
Queen Elizabeth School, Ipswich. Late Fellow of Trinity CoU^ie, 
Cambridge. Fourth Edition. PostSvo. U.6d. 

Folionim Silvula. ' Part II. Being Select Passages 

for Translation into Latin Lyric and Comic Iambic Verse. Arranged 
and edited by the Bot. HUBEBT A. HOLDEN, LL.D. Third 
Edition. PostSro. 6s. 

Foliorum Silvida. Part III. Being Select Passages 

for Translation into Greek Verse. Edited with Notes by the Ber. 
HUBEBT A. HOLDBN, LL.D. Third Edition. PostSvo. Bs. 

Folia Silvulse, sive Eclogse Poetarum Anglicorum 

in Latinum et Graecum conversae quas disposuit, HUBEBTUS A. 
HOLUEN, LL.D. Volumen Prius. Continens Fasdculos L II. 8vo. 
10s. 6d. 

Foliorum CenturiflB. Being Select Passages for 

Translation into Latin and Greelc Prose. Arranged and edited by 
the Ber. HUBERT A. HOLDEN, LL.D. Third Edition. Post Sro. 8s. 
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Kennedy (Rev. Dr). Progressive Exercises in Greek 

Tragic Senarii, followed by a Selection from the Greek Verses of 
Shrewsbury School,. and prefaced by a short Account of the Iambic 
Metre and Style of Greek Tragedy. For the use of Schools and Private 
Students. Second Edition, altered and revised. 8vo. 8t. 



Accidence Papers set in the Previous Examination, 

December, 1866. 12mo. 6d, 

Cambridge Examination Papers. Being a Supple- 
ment to the Cambridge University Calendar, 1859. 12mo. fi«. 

« 

Containing those set for the Tyrwhitt's Hebrew Scholarships.— Theo- 
logical Examinations.— Cams Prize.— Crosse Scholarships.— 'Mathe- 
matical Tripos.— The Ordinary B.A. Degree.— Smith's Prize.— Uni- 
versity Scholarships.— Classical Tripos.— Moral Sciences Tripos.— 
Chancellor's Legal Medals.— Chancellor's Medals.— Bell's Scholar- 
ships.— Natural Sciences Tripos. — Previous Examination. — Theological 
Examination. With Lists of Ordinary Degrees, and of those who have 
passed the Previous and Theological Examinations. 
17^ Examination Papers of 1866, price 2s. 6d., 1867 and 8, Ss. 6d. each, 

tnay stiU he had, 

A Manual of the Roman Civil Law, arranged 

accordhig to the Syllabus of Dr HALLIFAX. By G. LEAPING- 
WELL, LL.D. Designed for the use of Students in the Universities and 
Inns of Court 8vo. 12«. 

The Mathematical and other Writings of ROBERT 

LESLIE ELLIS, M.A., late Fellow of Trinity College, Cambridge. 
Edited by WILLIAM WALTON, M.A. Trinity College, with a 
Biographical Memoir by the 'Very Beverend HABVEY GOODWIN, 
D.D. Dean of Ely. 8vo. 16«. 

Lectures on the History of Moral Philosophy in 

England. By the late Rev. W. WHEWELL, D.D. Master of Trinity 
College, Cunbridge. New and Improved Edition, with Additional Lec- 
tures. Crown 8vo. 8«. 

The AddUionai Lectures areprinted separatelp in Octavo for theeonve- 
nienee qf those toAo ha»e purchased the former Edition. Price Sf . 6(1. 

A Concise Grammar of the Arabic Language. Re- 
vised by SHEIKH ALI NADY EL BABBANY. By W. J. BEA- 
MONT, M.A. Fellow of Trinity College, Cambridge, and Incumbent of 
St Michael's, Cambridge, sometime Principal of the English College, 
Jerusalem. Price Is. 

A Syriac Grammar. By G. PHILLIPS, D.D., 

Prerident of Queens' Coll^^ Third Edition, revised and enlarged. 
8vo. 7*. M, 



Now ready y fcap, 8ix>. price 5s. 

Wf)t ^tnntnVd (guOre to ti)t ©mbersfftp 

of CantibrfiTjie* 

SECOND EDITION, REVISED AND CORRECTED 

IN ACCORDANCE WITH THE RECENT 

REGULATIONS, 

[nteodttction, by J. R. Seeley, M.A. 
On University Expenses, by the Rev. H. Latham, M.A. 
On the Choice op a College, by J. R. Seeley, M.A. 
On the Course op Reading for the Mathematical 

Tripos, by the Rev. W. M. Campion, B.D. 
On the Course op Reading por the Classical Tripos, 

by the Rev. R. Burn, M.A. 
On the Course op Reading por the Moral Sciences 

Tripos, by the Rev. J. B. Mayor, M.A. 
On the Course op Reading por the Natural Scienoes 

Tripos, by Professor Livbing, M.A. 
On Law Studies and Law Degrees, by Professor J. T. 

Abdy, LL.D. 
Medical Study and Degrees, by G. M. Humphry, M.D. 
On Theological Examinations, by Professor B. Harold 

Browne, B.D. 
The Ordinary (or Poll) Degree, by the Rev. J. R. 

Lumby, M.A. 
Examinations for the Civil Qbrviob op India, by the 

Rev. H. Latham, M.A. 
Local Examinations op the Unxversity, by H. J. 

RoBY, M.A. 
Diplomatic Service. 
Detailed Account, op the Several Colleges. 

"Partly with the view of assisting parents^ guardians, 
schoohnasters, and students intending to enter their names at 
the University — partly also for the benefit of undergraduates 
themselves — a very complete, though concise, volume has just 
been issued, whioh leaves little or nothing to be desired. For 
lucid arrangement, and a rigid adherence to what is positively 
useful, we know of few manuals that could compete with this 
Student's Guide. It reflects no little credit on the University 
to which it supplies an unpretending, but complete^ intro- 
duction." — Saturday Review. 
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